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SPREADING OUT THE HODGE FILTRATION IN NON-ARCHIMEDEAN GEOMETRY
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Abstract. The goal of the current text is to study non-archimedean analytic derived de Rham cohomology
by means of formal completions. Our approach is inspired by the deformation to the normal cone provided
in [GR17b]. More specifically, given a morphism f : X → Y of (derived) k-analytic spaces we construct
the non-archimedean deformation to the normal cone associated to f . The latter can be thought as an
A1k-parametrized deformation whose fiber at 1 ∈ A1k coincides with the formal completion of f and the fiber
at 0 ∈ A1k with the (derived) normal cone associated to f . We further show that such deformation can be
endowed with a natural filtration which spreads out the usual Hodge filtration on the (completed shifted)
analytic tangent bundle to the formal completion. Such filtration agrees with the I-adic filtration in the case
where f is a locally complete intersection morphism between (derived) k-affinoid spaces. Along the way we
develop the theory of (ind-inf)-k-analytic spaces or in other words k-analytic formal moduli problems.
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1. Introduction
1.1. Background. Let k be a field of characteristic zero and X a variety over k. Following Illusie we can
associate to X its derived de Rham cohomology as follows: we consider the (Hodge completed) derived de Rham
algebra
dRX/k := Sym(LX/k[−1])∧
where (−)∧ stands for the completion of the usual symmetric algebra
Sym(LX/Y [−1]) ∈ CAlgk,
with respect to its natural Hodge filtration. Furthermore, we can identify the graded pieces of the latter with
exterior powers
∧iLX/Y [−i], for i ≥ 0,
c.f. [Ill72, Vol. II, §VIII]. The Hodge completed derived de Rham algebra is thus a natural generalization of
the usual de Rham complex for singular varieties over k, where we replace the sheaf of differentials
Ω1X/k,
by the (algebraic) cotangent complex LX/k and force a spectral sequence of the form Hodge-to-de Rham to
converge.
On the other hand, Hartshorne introduced in [Har75] the algebraic de Rham cohomology for singular varieties
X/k in terms of formal completions: suppose we are given a closed immersion i : X ↪→ Y , where Y is a smooth
algebraic variety over k. Then one can form the formal completion, Y ∧X , of Y at X along i. Inspired by the
theory of tubular neighborhoods, Hartshorne defined an algebraic cohomology theory by taking global sections
of Y ∧X
Γ(Y ∧X ,OY ∧X ).
Moreover, the cohomology groups so obtained are independent of the choice of the closed embedding i : X → Y .
In [Bha12], Bhatt proved a general comparison between the two mentioned notions. More precisely, the author
proves a natural multiplicative equivalence of complexes
dRX/k ' Γ(Y ∧X ,OY ∧X ),
c.f. [Bha12, Proposition 4.16]. In particular, the results of Bhatt imply that the algebraic de Rham cohomology
is equipped with a Hodge filtration, which is finer than the standard infinitesimal Hodge filtration and the
Deligne-Hodge filtration. Futhermore, when f : SpecA → SpecB is a closed immersion of affine (derived)
schemes, the Hodge filtration is finer than the I-adic filtration on the completion
Y ∧X ' Spf(B∧I ),
where I := fib(B → A). In the particular case where f is a locally complete intersection morphism both the
I-adic filtration and the Hodge filtration coincide (c.f. [Bha12, Remark 4.13]).
1.2. Main results. The main goal of the present text is to prove a non-archimedean analogue of the above
results. Namely, let k be a non-archimedean field of characteristic 0, we prove the following:
Theorem 1.1. Let f : X → Y be a morphism of (locally geometric) derived k-analytic stacks. Consider the
Hodge completed derived de Rham complex associated to f , defined as
dRanX/Y := Syman(LanX/Y [−1])∧,
in CAlgk. Then one has a natural multiplicative equivalence
dRanX/Y ' Γ(Y ∧X ,OY ∧X ),
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of derived k-algebras, where Y ∧X denotes the derived k-analytic stack corresponding to the formal completion of
X in Y along the morphism f .
Unfortunately, the methods of B. Bhatt are algebraic in nature and cannot be directly extrapolated to the
non-archimedean setting. Instead, we follow closely the approach of Gaitsgory-Rozemblyum given in [GR17b,
§9]. The main idea consists of defining the non-archimedean deformation to the normal cone as a derived
k-analytic stack
DanX/Y ∈ dAnStk,
mapping naturally to the k-analytic affine line A1k. Denote by p : DanX/Y → A1k the natural morphism. Then
Theorem 1.1 follows immediately from the following more precise result (see Theorem 3.42):
Theorem 1.2. Let f : X → Y be a morphism of locally geometric derived k-analytic stacks. Then the
non-archimedean deformation to the normal cone satisfies the following assertions:
(1) The fiber of p : DanX/Y → A1k at {0} ⊆ A1k identifies naturally with the completion of the shifted analytic
tangent bundle
TanX/Y [1]∧,
completed along the zero section s0 : X → TanX/Y [1]. Moreover for λ 6= 0 we have a natural identification
(DanX/Y )λ ' Y ∧X ,
where Y ∧X denotes the formal completion of Y at X along f .
(2) There exists a natural sequence of morphisms admitting a deformation theory
X ×A1k = X(0) → X(1) ↪→ · · · ↪→ X(n) ↪→ · · · → Y ×A1k,
such that the colimit of derived k-analytic stacks identifies naturally
colim
n≥0
X(n) ' DanX/Y .
In particular, the latter induces the usual Hodge filtration on (global sections of) TanX/Y [1]∧ and it
induces a further filtration on (global sections of) the formal completion Y ∧X , which we shall also refer
to as the Hodge filtration on the formal completion Y ∧X ;
(3) When f : X → Y is a locally complete intersection morphism of derived k-affinoid spaces, the Hodge
filtration on Y ∧X identifies with the I-adic filtration on global sections. More precisely, let
A := Γ(X,OalgX ) and B := Γ(Y,O
alg
Y ),
denote the corresponding derived global sections derived k-algebras. Then the global sections of Y ∧X
agree with the completion
B∧I ∈ CAlgk, I := fib(B → A),
and the Hodge filtration on B∧I coincides with the usual I-adic filtration.
For applications, it is desirable to establish Theorem 1.2 in such generality. As an example, it is interesting to
have at our disposal a natural Hodge filtration for the de Rham cohomology of the moduli of `-adic continuous
representations of an étale fundamental group, see [Ant17] and [Ant19b]. The latter is a locally geometric
derived k-analytic stack. Notwithstanding, the reader can safely assume that f is simply a morphism of
(derived) k-analytic spaces.
In order to construct the deformation to the normal cone DanX/Y we shall need two main ingredients. Namely,
a general theory of k-analytic formal moduli problems and the relative analytification functor introduced in
[HP18] (see also [PY20, §6]). So far, a general theory of analytic formal moduli problems was lacking in the
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literature. For this reason, we devote the whole §2 to develop such framework. Let X ∈ dAnk be a (derived)
k-analytic space. Denote by AnNilclX/ the ∞-category of closed embeddings
g : X → S,
where S ∈ dAnk, such that gred : Xred → Sred is an isomorphism of k-analytic spaces. We shall define a
k-analytic formal moduli problem under X (resp. over X) as a functor
Y : (AnNilclX/)op → S, (resp. Y : (AnNilcl/X)op → S)
satisfying some additional requirements, see Definition 2.26 (resp. Definition 2.43). It turns out that analytic
formal moduli problems can be described in very explicit terms as follows:
Theorem 1.3. Let X ∈ dAnk denote a derived k-analytic space. Then the following assertions hold:
(1) The ∞-category AnNilclX//Y (resp. (AnNilcl/X)/Y ) is filtered and we have a natural equivalence
colim
S∈AnNilcl
X//Y
S ' Y resp. colim
X∈(AnNilcl
/X
)/Y
S ' Y ;
(2) The natural morphism f : X → Y (resp. f : Y → X) admits a relative (pro-)cotangent complex
LX/Y ∈ Pro(Coh+(X)), which completely controls the deformation theory of the morphism f ;
(3) In the case where X is a derived k-affinoid space, the ∞-category of analytific formal moduli problems
AnFMPX/ is presentable and monadic over the usual ∞-category of ind-coherent sheaves on
A := Γ(X,OalgX ).
We refer the reader to Corollary 2.47, Proposition 2.30, Corollary 2.55 and Proposition 2.81, for a detailed
treatment of Theorem 1.3.
Granting a general deformation theory we are able to construct the deformation DanX/Y as a k-analytic formal
moduli problem under X. Furthermore, we are able to extrapolate the main formal properties of the derived
deformation to the normal cone in the algebraic setting, proved in [GR17b, §9]. The latter is done via a careful
analysis of the behaviour of the relative analytification functor, denoted (−)anY , and by means of Noetherian
approximation.
In particular, when f : X → Y is a morphism of derived k-affinoid spaces, we have a natural identification
DanX/Y ' (DXalg/Y alg)anY ,
where Xalg := SpecA and Y alg := SpecB, with A and B are as in Theorem 1.2.
Along the way, we establish a precise comparison between the works of [Bha12] and [GR17b, §9], which we
consider to be of relevance for experts in derived algebraic geometry. Moreover, we shall also explicit mention
that the techniques employed in the current text, namely Noetherian approximation, allows to construct the
deformation to the normal cone and its Hodge filtration as in [GR17b, §9] outside the the almost of finite
presentation scope, provided that we work under Noetherian assumptions. The latter might be helpful even in
purely algebraic contexts.
1.3. Relation with other works and future questions. As previously explained, the content of this text is
build upon two major prior works, namely [GR17b, §9] and [Bha12]. It follows essentially from Proposition 3.8
that Bhatt’s construction of the Hodge filtration on algebraic de Rham cohomology with the approach of
Gaitsgory-Rozemblyum (c.f. [GR17b, §9]). Such comparison result is not completely obvious. Indeed, in
[Bha12] the author produces the Hodge filtration in the general case, by left Kan extending the adic filtration
from the case of local complete intersection morphisms, whereas the construction of [GR17b, §9] is completely
canonical. Therefore, there are two main advantages provided by our comparison result: first it proves the
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canonicity of Bhatt’s approach and secondly it enlightens many important aspects of [GR17b, §9], which were
not made completely explicitly.
In [GK+02], Grosse-Klönne introduces an analytic de Rham cohomology theory for a very large class of rigid
k-analytic spaces. Let X be a rigid k-analytic space, Grosse-Klönne’s construction is related to over-convergent
global sections of formal completions along closed immersion i : X ↪→ Y , where Y is a smooth rigid k-analytic
space. Furthermore, the author proves finiteness of over-convergent analytic de Rham cohomology under certain
finiteness conditions on X.
We expect that our derived de Rham cohomology theory, dRanX/k, can be compared to the construction
in [GK+02]. In particular, this would provide a proof of finiteness for derived (over-convergent) analytic de
Rham cohomology. Such comparison result would equip us with a Hodge-to-de Rham spectral sequence for
over-convergent de Rham cohomology, in great generality. In order to achieve such a comparison one needs to
extend the results in this text to the over-convergent setting. We hope to pursue this venue in a future project.
Ideally, the deformation to the normal bundle would provide an important tool to study the relationship
between de Rham cohomology and étale cohomology of k-analytic spaces, similar to the algebraic case (see
[Bha12, §1, Corollary]). When k is a field of equi-characteristic zero, we expect that a non-smooth extension of
the main construction of [AT19], in the non-archimedean setting, could be related to the formal completion Y ∧X .
More interestingly, would be to study the p-adic setting. Even though the author currently does not have an
idea of how to accomplish this, it might be useful to extrapolate certain results in [Bra18] to the singular case,
via derived geometry.
Another future goal closely related to this work is the study of a rigid cohomology theory for singular
algebraic varieties and possibly algebraic stacks over perfect fields of positive characteristic. Our hope is that
techniques from derived geometry can be useful to reduce questions about the rigid cohomology of singular
algebraic varieties to the free case, via simplicial polynomial resolutions of general k-algebras.
Finally, we expect that the results in this text provide a first step in a consistent study of DX -modules
and curved modules outside the smooth case, in the non-archimedean setting. In order to develop such a
framework, one has to set the main ingredients of [BZN12] in non-archimedean geometry. One such ingredient
is the deformation to the normal cone done in the current text. Another important ingredient is a k-analytic
HKR theorem, which is a work in progress with M. Porta and F. Petit (see the author’s thesis [Ant19a] for a
sketch of proof of the latter statement).
1.4. Organization of the paper. In §2, we develop a theory of formal moduli problems in the non-archimedean
setting. We devote 2.1 to a brief review of the main notions in non-archimedean geometry that will be important
for us. We then proceed to §2.2 where a careful study of the structure of nil-isomorphisms is performed. The
notion of nil-isomorphism is basic building block of the theory of analytic formal moduli problems under (resp.
over) a given base. The latter notions are introduced and study at length in §2.3 (resp. §2.4). In §2.4, we
establish pseudo-nil-descent for pro-almost perfect complexes or in other words pro-coherent complexes. Given
a morphism X → Y which exhibits X as an analytic formal moduli problem, we prove that the ∞-category of
Pro(Coh+(Y )) does satisfy descent along the usual ∗-upper functoriality, that it is, it can be realized as the
totalization of
Pro(Coh+(X•)),
where X• denotes the Čech nerve associated to X → Y . The main novelty compared with the main result in
[GR17a, §7.2] is that we use the entire Coh+ and the ∗-upper functoriality. Our nil-descent statement is based
in the work of Halpern-Leistner and Preygel, c.f. see [HLP14, Theorem 3.3.1]. Section 2.6 is devoted to the
study of the notion of formal groupoids over a base X. We will prove the existence of a natural equivalence
between the ∞-categories of analytic formal moduli problems under X and analytic formal groupoids over X
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(see Theorem 2.65). The content of this equivalence can be interpreted as: every analytic formal moduli problem
under X arises as a classifying formal derived k-analytic stack associated to an analytic formal groupoid (which
corresponds to the associated Čech nerve). This equivalence of ∞-categories is based on the pseudo-nil-descent
results, proved earlier. Notice that Theorem 2.65, is a direct non-archimedean analogue of [GR17b, §5, Theorem
2.3.2]. In §2.6, we study the tangent complex associate to an analytic formal moduli problem under X. In
particular, we prove that such a functor is monadic, see Proposition 2.81.
The main bulk of the text lies in §3, where we introduce the deformation to the normal cone, DX/Y , in the
non-archimedean setting. In §3.1 we review the algebraic situation. We shall summarize the main algebraic
formal properties of DX/Y and then proceed to give a simplification of the formalism developped in [GR17b,
§9] in the case of closed immersions of derived schemes, see Proposition 3.8. This will enable us to prove a
comparison statement between Bhatt’s construction of the Hodge filtration in algebraic de Rham cohomology,
c.f. [Bha12] and the work of Gaitsgory-Rozemblyum.
In §3.2 we introduce the non-archimedean deformation in the local case, via the relative analyticification
functor and Noetherian approximation. We devote §3.3 to gluing the deformation to the class of morphisms
between locally geometric derived k-analytic stacks. In particular, our results hold for any derived k-analytic
space. We then introduce the construction of the non-archimedean Hodge filtration in the local, in §3.4. This is
possible by extending the usual Hodge filtration of Gaitsgory-Rozemblyum to the non-archimedean setting
as follows: we first extrapolate the main results in [GR17b, §9.5] to the Noetherian setting not necessarily of
almost of finite presentation (which was the only case treated in [GR17b, §9]) and then to the non-archimedean
setting via the relative analytification functor. Finally, in §3.4 we glue the non-archimedean Hodge filtration
for general morphisms between locally geometric derived k-analytic stacks.
1.5. Notations and Conventions. In this text, k denotes a non-archimedean field of characteristic zero. We
let dAffk and dAff laftk denote the ∞-categories of affine derived schemes (resp. affine derived schemes almost of
finite presentation). We shall denote by dStk the ∞-category of derived k-stacks. We shall further denote by
dStlaftk ⊆ dStk the full subcategory spanned by derived k-stacks locally almost of finite presentation. Given
derived k-stacks X,Y ∈ dStk we shall denote by
Map(X,Y ) ∈ dStk,
the corresponding mapping stack. If X and Y live over A1k, we then shall denote by
Map/A1
k
(X,Y ) ∈ (dStk)/A1
k
.
We denote dAnStk the ∞-category of derived k-analytic stacks introduced in [PY18b]. We shall denote by
dAnk and dAfdk the∞-categories of derived k-analytic spaces (resp., derived k-affinoid spaces). We will further
denote by Ank the usual ordinary category of (discrete) k-analytic spaces as in [Ber93]. We shall instead use
bold letters for the corresponding notions in the non-archimedean setting. Therefore, we shall denote by
Map(X,Y ) ∈ dAnStk,
the corresponding k-analytic mapping stack, whenever X,Y ∈ dAnStk. Let C be a stable ∞-category. We shall
denote by Cfil the associated ∞-category of filtered objects in C. Similarly, we denote by Cgr the ∞-category of
graded objects in C. We shall employ the notations
Cgr,≥0 and Cgr,=n,
the respective full subcategories of positively indexed graded objects in C and objects concentrated in a single
degree n. Notice that the latter ∞-category is equivalent to C itself.
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2. Analytic formal moduli problems
2.1. Preliminaries. Recall the notions of k-affinoid/analytic spaces introduced in [PY18b, Definition 7.3 and
Definition 2.5.], respectively.
Definition 2.1. Let f : X → Y be a morphism in the ∞-category dAnk. We shall say that f is an affine
morphism if for every morphism Z → Y in dAnk such that Z is a derived k-affinoid space, the pullback
Z ′ := Z ×X Y ∈ dAnk,
is a derived k-affinoid space.
Definition 2.2. Let f : X → Y be a morphism in dAnk. We shall say that f is an admissible open immersion
if the induced morphism on 0-th truncations
t0(f) : t0(X)→ t0(Y ),
is an admissible open immersion in the sense of [Ber93, §1.3].
Definition 2.3. Let f : X → Y be a morphism in Ank. We shall say that f is a finite morphism if f is affine
and for every admissible open covering ∐
j∈J
Vj → Y,
the base change morphism
Uj := Vj ×Y Y → Vj ,
exihibits the k-affinoid algebra Bj := Γ(Uj ,OUj ) as a finite A = Γ(Vj ,OVj )-module. Given f : X → Y in the
∞-category dAnk, we say that f is finite if its truncation t0(f) is a finite morphism.
Definition 2.4. Let X ∈ Ank denote an (ordinary) k-analytic space. We denote by JX ⊆ OX , the nil-radical
ideal of OX , that is the sheaf ideal spanned by nilpotent sections on X. We denote by Xred the k-analytic space
obtained as the pair (X,OX/JX), which we shall refer to as the underlying reduced k-analytic space associated
to X.
Remark 2.5. Let X ∈ Ank, then the underlying reduced Xred ∈ Ank is a reduced k-analytic space, by
construction.
Notation 2.6. We denote by Anredk ⊆ Ank the full subcategory spanned by reduced k-analytic spaces. We
further denote by
(−)red : dAnk → Anredk ,
the functor obtained by the association
Z ∈ Ank 7→ Zred ∈ Anredk .
We now extend the construction (−)red : Ank → Anredk to the ∞-category of derived k-analytic spaces:
Definition 2.7. Consider the functor dAnk → Anredk defined as the composite
(−)red : dAnk t0(−)−−−→ Ank (−)red−−−−→ Anredk .
Given X ∈ dAnk a derived k-analytic space we denote by Xred ∈ Anredk the underlying reduced k-analytic space
associated with X.
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Lemma 2.8. Let f : X → Y be an admissible open immersion of derived k-analytic spaces. Then fred : Xred →
Yred is an admissible open immersion, as well.
Proof. By the definitions, it is clear that the truncation
t0(f) : t0(X)→ t0(Y ),
is an admissible open immersion of ordinary k-analytic spaces. In the case of ordinary k-analytic spaces the
question is local and we reduce ourselves to the affinoid case. Then it is clear that localization in the ordinary
category Afdk commutes with quotients (as the former is defined via a colimit). 
Definition 2.9. In [PY17, Definition 5.41] the authors introduced the notion of a square-zero extension
between derived k-analytic spaces. In particular, given a morphism f : Z → Z ′ in dAnk, we shall say that f
has the structure of a square-zero extension if f exhibits Z ′ as a square-zero extension of Z.
Remark 2.10. Let X ∈ Ank. Let J ⊆ OX be an ideal satisfying J2 = 0. Consider the fiber sequence
J→ OX → OX/J,
in the ∞-category Coh+(X). We have an induced natural fiber sequence of the form
LanOX → LanOX/J → Lan(OX/J)/OX ,
and we have a further identification τ≤1(L(OX/J)/OX ) ' J[1]. For this reason, we obtain a well defined morphism
d : LOX/J → J[1],
in the derived ∞-category ModOX/J. This derivation classifies a square-zero extension of OX/J by J[1] which
can be identified with the object OX itself. In particular, we deduce that X is a square-zero extension of the
ordinary k-analytic space (X,OX/J).
Remark 2.11. Recall the ∞-category TopR (Tan(k)) of Tan(k)-structured ∞-topoidefined in [PY18b, Definition
2.4], where Tan(k) denotes the k-analytic pre-geometry (see for instance [PY18b, Construction 2.2]). Let
O ∈ StrlocTan(k)(X) be a local Tan(k)-structure on X (c.f. [PY18b, Definition 2.4]). Since the pregeometry Tan(k)
is compatible with n-truncations, c.f. [PY18b, Theorem 3.23], it follows that pi0(O) ∈ StrlocTan(k)(X), as well.
Moreover, if (X,O) ∈ TopR (Tan(k)) is a Tan(k)-structured ∞-topos, we define its underlying reduced Tan(k)-
structured ∞-topos as the Tan(k)-structured space
(X, pi0(O)/J) ∈ TopR (Tan(k)),
where J ⊆ pi0(O) denotes the ideal sheaf spanned by nilpotent sections on pi0(O). Moreover, the quotient
pi0(O)/J is considered in the ∞-category of local structures on X
pi0(O)/J ∈ StrlocTan(k)(X).
Recall the notion of the underlying algebra functor (−)alg : StrlocTan(k)(X)→ CAlgk(X) introduced in [PY18b,
Lemma 3.13].
Lemma 2.12. Let Z := (Z,OZ) ∈ TopR (Tan(k)) denote a Tan(k)-structure ∞-topos such that pi0(OalgZ ) is a
Noetherian derived k-algebra on Z. Suppose that the reduction Zred is equivalent to a derived k-affinoid space.
Then the truncation t0(Z) is isomorphic to an ordinary k-affinoid space. If we assume further that for every
i > 0, the homotopy sheaves pii(OZ) are coherent pi0(OZ)-modules, then Z itself is equivalent to a derived
k-affinoid space.
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Proof. The second claim of the Lemma follows readily from the first assertion together with the definitions.
We are thus reduced to prove that t0(Z) is isomorphic to an ordinary k-affinoid space. Let J ⊆ pi0(OZ), denote
the coherent ideal sheaf associated to the closed immersion Zred ↪→ Z. Notice that the ideal J agrees with the
nilradical ideal of pi0(OZ). Thanks to our assumption that pi0(OZ) is a Noetherian derived k-algebra on Z, it
follows that there exists a sufficiently large integer n ≥ 2 such that
Jn = 0.
Arguing by induction, we can suppose that n = 2, that is to say that
J2 = 0.
In particular, Remark 2.10 implies that the the natural morphism Zred → Z has the structure of a square-zero
extension. The assertion now follows from [PY17, Proposition 6.1] and its proof. 
Remark 2.13. We observe that the converse of Lemma 2.12 holds true. Indeed, the natural morphism Zred → Z
is a closed immersion. In particular, if Z ∈ dAfdk we deduce readily that Zred ∈ Afdk, as well.
Lemma 2.14. Let f : X → Y be an affine morphism in dAnk. Suppose we are given an admissible open
covering
g :
∐
j∈J
Uj → Y,
where for each j ∈ J , Uj ∈ dAfdk. For each j ∈ J , let
Vj := Uj ×X Y ∈ dAfdk,
then
∐
j∈J Vj → Y is an admissible open covering by derived k-affinoid spaces.
Proof. It is clear from our assumption that f is an affine morphism that for every index j ∈ J , the objects
Vj ∈ dAfdk. The claim of the Lemma follows immediately from the observation that both the classes of
effective epimorphisms of∞-topoi and admissible open immersions of derived k-analytic spaces are stable under
pullbacks, cf. [Lur09, Proposition 6.2.3.15] and [PY17, Corollary 5.11, Proposition 5.12], respectively. 
2.2. Non-archimedean differential geometry. In this §, we introduce the notion of a nil-isomorphism
between derived k-analytic spaces and study certain important features of such class of morphisms. The results
contained in this paragraph will be of crucial importance to the study of analytic formal moduli problems.
Definition 2.15. Let f : X → Y be a morphism in dAnk. We say that f is a nil-isomorphism if f is almost
of finite presentation and furthermore fred : Xred → Yred is an isomorphism of ordinary k-analytic spaces. We
will denote by AnNilX/ the full subcategory of (dAnk)X/ spanned by nil-isomorphisms X → Y .
Lemma 2.16. Let f : X → Y be a nil-isomorphism of derived k-analytic spaces. Then:
(1) Given any morphism Z → Y in dAnk, the base change morphism
Z ×X Y → Z,
is an nil-isomoprhism, as well;
(2) f is an affine morphism;
(3) f is a finite morphism.
Proof. To prove (1), it suffices to prove that the functor (-)red : dAnk → Anredk commutes with finite limits.
The truncation functor
t0 : dAnk → Ank,
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commutes with finite limits, c.f. [PY18b, Proposition 6.2 (5)]. It suffices then to prove that the usual underlying
reduced functor
(−)red : Ank → Anredk ,
commutes with finite limits. By construction, the latter assertion is equivalent to the claim that the usual
complete tensor product of ordinary k-affinoid algebras commutes with the operation of taking the quotient by
the Jacobson radical, which is immediate.
We now prove (2). Let Z → Y be an admissible open immersion such that Z is a derived k-affinoid space.
We claim that the pullback Z ×X Y is again a derived k-affinoid space. Thanks to Lemma 2.12 we reduce
ourselves to prove that (Z ×X Y )red is equivalent to an ordinary k-affinoid space. Thanks to (1), we deduce
that the induced morphism
(Z ×X Y )red → Zred,
is an isomorphism of ordinary k-analytic spaces. In particular, (Z ×X Y )red is a k-affinoid space. The result
now follows by invoking Lemma 2.12 again.
To prove (3), we shall show that the induced morphism on the underlying 0-th truncations t0(X)→ t0(Y ) is
a finite morphism of ordinary k-affinoid spaces. But this follows immediately from the fact that both t0(X)
and t0(Y ) can be obtained from the reduced Xred by means of a finite sequence of square-zero extensions as in
Remark 2.10. 
Definition 2.17. A morphism X → Y be a morphism in dAnk is called a nil-embedding if the induced
morphism of ordinary k-analytic spaces t0(X)→ t0(Y ) is a closed immersion with nilpotent ideal of definition.
Proposition 2.18. Let f : X → Y be a nil-embedding of derived k-analytic spaces. Then there exists a sequence
of morphisms
X = X00 ↪→ X10 ↪→ · · · ↪→ Xn0 = X0 ↪→ X1 . . . Xn ↪→ · · · ↪→ Y,
such that for each 0 ≤ i ≤ n and j ≥ 0, the morphisms Xi0 ↪→ Xi+10 and Xj → Xj+1 have the structure of
square-zero extensions. Furthermore, the induced morphisms t≤j(Xj) → t≤j(Y ) are equivalences of derived
k-analytic spaces, for every j ≥ 0.
Proof. The proof follows the same scheme of reasoning as [GR17b, Proposition 5.5.3]. For the sake of
completeness we present the complete argument here. Consider the induced morphism on the underlying
truncations
t0(f) : t0(X)→ t0(Y ).
By construction, there exists a sufficiently large integer n ≥ 0 such that
Jn+1 = 0,
where J ⊆ pi0(OY ) denotes the ideal associated to the nil-embedding t0(f). Therefore, we can factor the latter
as a finite sequence of square-zero extensions of ordinary k-analytic spaces
t0(X) ↪→ Xord,00 ↪→ · · · ↪→ Xord,n0 = t0(Y ),
as in the proof of Lemma 2.12. For each 0 ≤ i ≤ n, we set
Xi0 := X
⊔
t0(X)
Xord,i0 .
By construction, we have that the natural morphism t0(Xn0 )→ t0(Y ) is an isomorphism of ordinary k-analytic
spaces. We now argue by induction on the Postnikov tower associated to the morphism f : X → Y . Suppose
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that for a certain integer i ≥ 0, we have constructed a derived k-analytic space Xi together with morphisms
gi : X → Xi and hi : Xi → Y such that f ' hi ◦ gi and the induced morphism
t≤i(Xi)→ t≤i(Y )
is an equivalence of derived k-analytic spaces. We shall proceed as follows: by the assumption that hi is
(i+ 1)-connective, we deduce from [PY17, Proposition 5.34] the existence of a natural equivalence
τ≤i(LanXi/Y ) ' 0,
in ModOXi . Consider the natural fiber sequence
h∗iLanY → LanXi → LanXi/Y ,
in ModOXi . The natural morphism
LanXi/Y → pii+1(LanXi/Y )[i+ 1],
induces a morphism LanXi → pii+1(LanXi/Y )[i+ 1], such that the composite
h∗iLanY → LanXi → pii+1(LanXi/Y )[i+ 1], (2.1)
is null-homotopic, in ModOXi . By the universal property of the relative analytic cotangent complex, (2.1)
produces a square-zero extension
Xi → Xi+1,
together with a morphism hi+1 : Xi+1 → Y , factoring hi : Xi → Y . We are reduced to show that the morphism
OY → hi+1,∗(OXi+1),
is (i+ 2)-connective. Consider the commutative diagram
hi,∗(pii+1(LanXi/Y ))[i+ 1] hi+1,∗(OXi+1) hi,∗(OXi)
I OY h∗(OXi)
J J 0
si
=
, (2.2)
in ModOY , where both the vertical and horizontal composites are fiber sequences. By our inductive hypothesis,
I is (i+ 1)-connective. Moreover, thanks to [PY17, Proposition 5.34] we can identify the natural morphism
si : I→ hi,∗(pii+1(LanXi/Y ))[i+ 1]
with the natural morphism I→ τ≤i+1(I). We deduce that the fiber of the morphism si must be necessarily
(i+ 2)-connective. The latter observation combined with the structure of (2.2) implies that hi+1 : Xi+1 → Y
induces an equivalence of derived k-analytic spaces
t≤i+1(Xi+1)→ t≤i+1(Y ),
as desired. 
Corollary 2.19. Let X ∈ dAnk. Then the following assertions hold:
(1) The natural morphism
Xred → X,
in dAnk, can be approximated by successive square-zero extensions;
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(2) For each n ≥ 0, the natural morphism
Xred → t≤n(X),
can be approximated by a finite number of square-zero extensions.
Proof. Both the assertions of the Corollary follow readily from Proposition 2.18 by observing that the canonical
morphisms Xred → X and Xred → t≤n(X) have the structure of nil-embeddings and that in the latter case the
finiteness assumption on the Postkinov tower forces the finiteness of the approximation sequence. 
Lemma 2.20. Let f : X → Y be a finite morphism of derived k-affinoid spaces. Let Z → Y be an admissible
open immersion and denote by
A := Γ(X,OalgX ), B := Γ(Y,O
alg
Y ), C := Γ(Z,O
alg
Z ),
the corresponding derived k-algebras of derived global sections. Consider the base change
Z ′ := Z ×Y X ∈ dAfdk.
Then one has a natural equivalence
Γ(Z ′,OalgZ′ ) ' A⊗B C,
in the ∞-category CAlgk.
Proof. The Lemma is a direct consequence of [PY18b, Proposition 3.17] (iii). 
Lemma 2.21. Let f : X → Y be a finite morphism of derived k-affinoid spaces and g : Z → Y an admissible
open immersion in dAfdk. Form the pullback diagram
Z ′ X
Z Y,
g′
f ′ f
g
in the ∞-category dAfdk. Then the commutative diagram
Coh+(Y ) Coh+(X)
Coh+(Z) Coh+(Z ′),
f∗
g∗ (g′)∗
(f ′)∗
is right adjointable. In other words, the Beck-Chevalley natural transformation
α : g∗ ◦ f∗ → (f ′)∗ ◦ g′∗
is an equivalence of functors.
Proof. Since f is assumed to be a finite morphism of derived k-affinoid spaces, it follows from the derived Tate
aciclicity theorem, c.f. [PY18a, Theorem 3.1] that the right adjoint f∗ : Coh+(X)→ Coh+(Y ) is well defined.
The assertion of the Lemma is now an immediate consequence of Lemma 2.20 together with [Lur18, Proposition
2.5.4.5] and the derived Tate aciclicity theorem. 
Proposition 2.22. Let f : S → S′ be a nil-isomorphism between derived k-analytic spaces. Then the pullback
functor
f∗ : Coh+(S′)→ Coh+(S),
admits a well defined right adjoint, f∗.
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Proof. Since f : S → S′ is a nil-isomorphism, we conclude from Lemma 2.16 that f is an affine morphism
between derived k-analytic spaces. By admissible descent of Coh+, cf. [AP19, Theorem 3.7], together with
Lemma 2.14 and Lemma 2.21 we reduce the statement of the Lemma to the case where both S and S′
are equivalent to derived k-affinoid spaces. In this case, the result follows by our assumptions on f and
Lemma 2.16. 
Proposition 2.23. Let f : X → Y be a nil-embedding of derived k-analytic spaces. Let g : X → Z be a finite
morphism in dAnk. The the diagram
X Y
Z
f
g
admits a pushout in dAnk, denoted Z ′. Moreover, the natural morphism Z → Z ′ is also a nil-embedding.
Proof. The ∞-category of Tan(k)-structured ∞-topoi TopR (Tan(k)) is a presentable ∞-category. Consider the
pushout diagram
X Y
Z Z ′,
f
g
in the ∞-category TopR (Tan(k)). By construction, the underlying ∞-topos of Z ′ can be computed as the
pushout in the ∞-category TopR of the induced diagram on the underlying ∞-topoi of X, Z and Y . Moreover,
since g is a nil-isomorphism it induces an equivalence on underlying ∞-topoi of both X and Y . It follows that
the induced morphism Z → Z ′ in TopR (Tan(k)) induces an equivalence on the underlying ∞-topoi. Moreover,
it follows essentially by construction that we have a natural equivalence
OZ′ ' g∗(OY )×g∗(OX) OZ
∈ StrlocTan(k)(Z).
As the morphism g∗(OY )→ g∗(OX) is an effective epimorphism and effective epimorphisms are preserved under
fiber products in an ∞-topos, c.f. [Lur09, Proposition 6.2.3.15], it follows that the natural morphism
OZ′ → OZ ,
is an effective epimorphism, as well. Consider now the commutative diagram of fiber sequences
J′ OZ′ OZ
J g∗(OY ) g∗(OX),
in the stable ∞-category ModO′
Z
. Since the right commutative square is a pullback square it follows that the
morphism
J′ → J,
is an equivalence. In particular, pi0(J′) is a finitely generated nilpotent ideal of pi0(OalgZ′ ). Indeed, finitely
generation follows from our assumption that g is a finite morphism. Thanks to Lemma 2.12, it follows that
t0(Z ′) is an ordinary k-analytic space and the morphism t0(Z ′) → t0(Z) is a nil-embedding. We are thus
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reduced to show that for every i > 0, the homotopy sheaf pii(OZ′) ∈ Coh+(t0(Z ′)). But this follows immediately
from the existence of a fiber sequence
OZ′ → g∗(OY )⊕ OZ → g∗(OX),
in the ∞-category ModOZ′ together with the fact that g∗(OY ) and g∗(OZ) have coherent homotopy sheaves, by
our assumption that g is a finite morphism combined with Lemma 2.16. 
Corollary 2.24. Let f : S → S′ be a square-zero extension and g : S → T a nil-isomorphism in dAnk. Suppose
we are given a pushout diagram
S S′
T T ′
f
,
in dAnk. Then the induced morphism T → T ′ is a square-zero extension.
Proof. Since g is a nil-isomorphism of derived k-analytic spaces, Proposition 2.22 implies that the pullback
functor g∗ : Coh+(T )→ Coh+(S) admits a well defined right adjoint
g∗ : Coh+(S)→ Coh+(T ).
Let F ∈ Coh+(S)≥0 and d : LanS → F[1] be a derivation associated with the morphism f : S → S′. Consider
now the natural composite
d′ : LanT → g∗(LanS )
g∗(d)−−−→ g∗(F)[1],
in the ∞-category Coh+(T ). By the universal property of the relative analytic cotangent complex, we deduce
the existence of a square-zero extension
T → T ′,
in the ∞-category dAnk. Let X ∈ dAnk together with morphisms S′ → X and T → X compatible with both
f and g. By the universal property of the relative analytic cotangent complex, the morphism S′ → X induces
a uniquely defined (up to a contractible indeterminacy space) morphism
LanS/X → F[1],
in Coh+(S), such that the compositve LanS → LanS/X → F[1] agrees with d. By applying the right adjoint g∗
above we obtain a commutative diagram
LanT LanT/X
g∗(LanS ) g∗(LanS/X) g∗(F)[1],
can
d′′
g∗(can)
in the ∞-category Coh+(T ). From this, we conclude again by the universal property of the relative analytic
cotangent complex the existence of a uniquely defined natural morphism T ′ → X extending both T → X
and S′ → X and compatible with the restriction to S. The latter assertion is equivalent to state that the
commutative square
S S′
T T ′,
is a pushout diagram in dAnk. The proof is thus concluded. 
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Construction 2.25. Let n ≥ 0. We have a well defined functor
AnNilt≤n(X)/ → AnNilX/,
given by the formula
(t≤n(X)→ S) ∈ AnNilt≤n(X)/ 7→ (X → S
⊔
t≤n(X)
X).
Given any functor F : AnNilX/ → S, we define F≤n : AnNilt≤n(X)/ → S as the functor given on objects by the
association
(t≤n(X)→ S) ∈ AnNilt≤n(X)/ 7→ F≤n(S
⊔
t≤n(X)
X) ∈ S.
It follows from the construction that, for each n ≥ 0 and S ∈ AnNilX/, we have a natural morphism
F (S)→ F≤n(t≤n(S)),
in the ∞-category S.
2.3. Analytic formal moduli problems under a base. We study the ∞-category of k-analytic formal
moduli problems under a base X ∈ dAnk and explore certain important features of such. The results presented
here will prove to be crucial for the study of the deformation to the normal cone in the k-analytic setting,
which we treat in the next section. We start with the following central definition:
Definition 2.26. An analytic formal moduli problem under X corresponds to the datum of a functor
F : (AnNilX/)op → S,
satisfying the following two conditions:
(1) F (X) ' ∗ in S;
(2) Given any S ∈ AnNilopX/, the natural morphism
F (S)→ lim
n≥0
F≤n(t≤n(S)),
is an equivalence in S (see Construction 2.25). In other words, Y is convergent;
(3) Given any pushout diagram
S S′
T T ′,
f
in the ∞-category AnNilX/, such that f has the structure of a square-zero extension, the induced
morphism
F (T ′)→ F (T )×F (S) F (S),
is an equivalence in S.
We shall denote by AnFMPX/ the full subcategory of Fun((AnNilX/)op, S) spanned by analytic formal moduli
problems under X.
Remark 2.27. In the previous definition we remark that the functor
F≤n : AnNilopt≤n(X)/ → S,
is itself an analytic formal moduli problem under t≤n(X).
We shall give some important examples of formal moduli problems under X:
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Example 2.28. (1) Let X ∈ dAnk. As in the algebraic case, we can consider the de Rham pre-stack
associated to X, XdR : dAfdopk → S, determined by the formula
XdR(Z) := X(Zred), Z ∈ dAfdk.
We have a natural morphism X → XdR induced from the natural morphism Zred → Z. The restriction
of XdR to Fun(AnNilopX/, S) via the functor
h∗ : dAnStk → AnFMPX/,
induced by the inclusion h : AnNilX/ ⊆ dAnk, is an analytic formal moduli problem under X. Moreover,
it follows from the construction of XdR that the object h∗(XdR) is equivalent to a final object in
AnFMPX/.
(2) Let f : X → Y be a morphism in the ∞-category dAnk. We define the formal completion of X in Y
along f as the pullback
Y ∧X := Y ×YdR XdR
∈ dAnStk.
By construction we have a natural factorization X → Y ∧X → Y in dAnStk, and moreover the restriction
of X → Y ∧X to the ∞-category Fun(AnNilopX/, S) along the natural functor
h∗ : (dAnStk)X/ → AnFMPX/,
exhibits Y ∧X as a formal moduli problem under X.
(3) Let f : X → Y be a closed immersion in the ∞-category dAnk. Consider the shifted tangent bundle
associated to f together with the zero section
X TanX/Y [1]
X.
s0
p
The completion TanX/Y [1]∧ ∈ AnFMPX/ along s0 will play an important role in what follows.
Notation 2.29. We set AnNilclX/ ⊆ AnNilX/ to be the full subcategory spanned by those objects corresponding
to nil-embeddings
X → S,
in dAnk.
Proposition 2.30. Let Y ∈ AnNilX/. The following assertions hold:
(1) The inclusion functor
AnNilclX//Y ↪→ AnNilX//Y ,
is cofinal.
(2) The natural morphism
colim
Z∈AnNilcl
X//Y
Z → Y,
is an equivalence in Fun(AnNilopX/, S).
(3) The ∞-category AnNilclX//Y is filtered.
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Proof. We start by proving claim (1). Let n ≥ 0, and consider the usual restriction along the natural morphism
Xred → t≤n(X) functor
res≤n : AnNilt≤n(X)/ → AnNilXred/.
Such functor admits a well defined left adjoint
push≤n : AnNilXred/ → AnNilt≤n(X)/,
which is determined by the formula
(Xred → T ) ∈ AnNilXred/ 7→ (t≤n(X)→ T ′) ∈ AnNilX/,
where we have set
T ′ := t≤n(X)
⊔
Xred
T ∈ AnNilX/. (2.3)
We claim that T ′ ∈ AnNilt≤n(X)/ belongs to the full subcategory AnNilclt≤n(X)/ ⊆ AnNilt≤n(X)/. Indeed, since
the structural morphism Xred → T , is necessarily a nil-embedding we deduce the claim from Proposition 2.23.
We shall denote by
res≤n! (Y ) : AnNil
op
Xred/
→ S,
the left Kan extension of Y along the functor res≤n above. By the colimit formula for left Kan extensions, c.f.
[Lur09, Lemma 4.3.2.13], it follows that res≤n! (Y ) is given by the formula
(Xred → T ) ∈ AnNilXred/ 7→ Y ≤n(T ′) ∈ S,
where T ′ is as in (2.3). We thus have a diagram of functors
res≤n : AnNilt≤n(X)//Y ≤n  AnNilXred//res≤n! (Y ) : push
≤n,
where res≤n is given on objects by the formula
(t≤n(X)→ S → Y ≤n) ∈ AnNilt≤n(X)//Y ≤n 7→ (Xred → S → res≤n! (Y )) ∈ AnNilXred//res≤n! (Y )
and the functor push≤n is given by the association
(Xred → T → Y ≤n) ∈ AnNilXred//Y ≤n 7→ (t≤n(X)→ T unionsqXred t≤n(X)→ Y ≤n) ∈ AnNilt≤n(X)//Y ≤n .
We claim that the pair (res≤n,push≤n) forms an adjunction. Indeed, a morphism
(Xred → S → res≤n! (Y ))→ res≤n! (t≤n(X)→ T → Y ≤n),
corresponds to a commutative diagram
Xred S res≤n! (Y )
Xred T res≤n! (Y ),
= =
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in the ∞-category Fun(AnNilopXred/, S). The latter datum is equivalent to the datum of a commutative diagram
t≤n(X)
Xred S S
′ Y ≤n
Xred T T
′ Y ≤n
=
. (2.4)
Since the morphism t≤n(X)→ T ′ factors through the structural map
t≤n(X)→ T,
we deduce that the datum of (2.4) is equivalent to the datum of a commutative diagram
t≤n(X) S′ Y ≤n
t≤n(X) T Y ≤n,
=
which corresponds to a uniquelly well defined morphism
push≤n(Xred → S → res≤n! (Y ))→ (t≤n(Y )→ T → Y ≤n),
in the ∞-category AnNilt≤n(X)//Y ≤n . We further observe that for every n ≥ m ≥ 0, the objects
res≤n! (Y ) and res
≤m
! (Y ),
are equivalent as functors AnNilopXred/ → S, we shall denote this functor simply by res!(Y ).
Passing to the limit over n ≥ 0 we obtain a commutative diagram of the form
AnNilXred//res!(Y ) limn≥0 AnNilt≤n(X)//Y ≤n
AnNilX//Y .
The horizontal morphism is cofinal since it fits into an adjunction, by our previous considerations. Thanks to
[Lur09, Corollary 4.1.1.9] in order to show that the natural morphism
AnNilXred//res!(Y ) → AnNilX//Y ,
is cofinal, it suffices to prove that AnNilX//Y → limn≥0 AnNilt≤n(X)//Y ≤n is itself cofinal. But the latter is
an immediate consequence of the fact that derived k-analytic spaces are nilcomplete, c.f. [PY17, Lemma
7.7], combined with assumption (3) in Definition 2.26. Assertion (1) of the Proposition now follows from the
observation that the functor
AnNilXred//res!(Y ) → AnNilX//Y ,
factors through the full subcategory AnNilclX//Y ⊆ AnNilX//Y .
Claim (2) follows immediately from (1) combined with Yoneda Lemma. To prove (3) we shall make use of
[Lur09, Lemma 5.3.1.12]. Let
F : ∂∆n → AnNilclX//Y .
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For each [m] ∈ ∆n, denote by Sm := F ([m]) in AnNilclX//Y . The pushout
Sn
⊔
X
Sn−1,
exists in AnNilclX/. We wish to show that Sn
⊔
X Sn−1 admits a morphism
Sn
⊔
X
Sn−1 → Y,
compatible with the diagram F . In order to prove the latter assertion, we observe that Proposition 2.18 can
filter the diagram F by diagrams Fi → F such that X → F0 is formed by square-zero extensions and so are
each transition morphisms Fi → Fi+1. This implies that for every j ≥ 0, we can find morphisms
t≤j(Sn)
⊔
t≤j(X)
t≤j(Sn − 1)→ Y ≤j ,
which are compatible for varying j ≥ 0. Moreover, the fact that Y satisfies condition (2) in Definition 2.26
implies that we can find a well defined morphism
Sn
⊔
X
Sn−1 → Y,
which is compatible with F , as desired. 
As a Corollary we deduce the following important result:
Corollary 2.31. Let X ∈ dAnk, then the ∞-category AnFMPX/ is presentable. In particular, the latter
admits all small colimits.
Proof. Consider the fully faithful functor
AnNilclX/ ↪→ AnNilX/ → AnFMPX/.
It follows from the definitions that the ∞-category AnFMPX/ admits filtered colimits. In particular, we obtain
a well defined functor
F : Ind(AnNilclX/)→ AnFMPX/,
which is further fully faithful, since every the image of every (X → S) ∈ AnNilX/ is compact in AnFMPX/. It
follows from Proposition 2.30 that F itself is essentially surjective. Since the ∞-category AnNilclX/ is essentially
small we are reduced to show that AnFMPX/ admits all small colimits. We already know that AnFMPX/
admits filtered colimits. We shall prove that AnFMPX/ admits finite colimits as well. As a consequence
of Proposition 2.23, we deduce that the ∞-category AnNilclX/ admits all finite colimits. It is now clear that
AnFMPX/ admits finite colimits as well, and the proof is concluded. 
Definition 2.32. Let Y ∈ AnFMPX/ denote an analytic formal moduli problem under X. The relative
pro-analytic cotangent complex of Y under X is defined as the pro-object
LanX/Y := {LanX/Z}Z∈AnNilcl
X//Y
∈ Pro(Coh+(X)),
where, for each Z ∈ AnNilclX//Y
LanX/Z ∈ Coh+(X),
denotes the usual relative analytic cotangent complex associated to the structural morphism X → Z in
AnNilclX//Y .
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Remark 2.33. Let Y ∈ AnFMPX/. For a general Z ∈ dAnk, there exists a natural morphism
LanX → LanX/Z ,
in the ∞-category Coh+(X). Passing to the limit over Z ∈ AnNilclX//Z , we obtain a natural map
LanX → LanX/Y ,
in Pro(Coh+(X)), as well.
The following result justifies our choice of terminology for the object LanX/Y ∈ Pro(Coh+(X)):
Lemma 2.34. Let Y ∈ AnFMPX/. Let X ↪→ S be a square-zero extension associated to an analytic derivation
d : LanS → F[1],
where F ∈ Coh+(X)≥0. Then there exists a natural morphism
MapAnFMPX/(S, Y )→ MapPro(Coh+(X))(LanX/Y ,F)×MapCoh+(X)(Lan,F) {d}
which is furthermore an equivalence in the ∞-category S.
Proof. Thanks to Proposition 2.30 combined with the Yoneda Lemma we can identify the space of liftings of
the map X → Y along X → S with the mapping space
MapAnFMPX/(S, Y ) ' colimZ∈AnNilX//Y MapAnNilX/(S,Z).
Fix Z ∈ AnNilclX//Y . Then we have a natural identification of mapping spaces
MapAnNilX/(S,Z) ' Map(dAnk)X/(S,Z) (2.5)
' MapCoh+(X)(LanX/Z ,F)×MapCoh+(X)(LanX ,F) {d}, (2.6)
see [PY17, §5.4] for a justification of the latter assertion. Passing to the colimit over Z ∈ AnNilclX//Y , we
conclude thanks to the formula for mapping spaces in pro-∞-categories that we have a natural equivalence
MapAnFMPX/(S, Y ) ' MapPro(Coh+(X))(LanX/Y ,F)×MapCoh+(X)(Lan,F) {d},
as desired. 
Construction 2.35. Let f : Y → Z denote a morphism in AnFMPX/. Then, for every S ∈ AnNilclX//Y , the
induced morphism
S → Z,
in AnFMPX/ factors necessarily through some S′ ∈ AnNilclX//Z . For this reason, we obtain a natural morphism
LanX/S′ → LanX/S ,
in the ∞-category Coh+(X). Passing to the limit over S ∈ AnNilclX//Y we obtain a canonically defined
morphism
θ(f) : LanX/Z → LanX/Y ,
in Pro(Coh+(X)). Moreover, this association is functorial and thus we obtain a well defined functor
LanX/• : AnFMPX/ → Pro(Coh+(X)),
given by the formula
(X → Y ) ∈ AnFMPX/ 7→ LanX/Y ∈ Pro(Coh+(X)).
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Proposition 2.36. Let X ∈ dAnk be a derived k-analytic space. Then the functor
LanX/• : AnFMPX/ → Pro(Coh+(X)),
obtained via ?? 2.35?? 2.35, is conservative.
Proof. Let f : Y → Z be a morphism in AnFMPX/. Thanks to Proposition 2.30 we are reduced to show that
given any
S ∈ AnNilclX//Z ,
the structural morphism gS : X → S admits a unique extension S → Y which factors the structural morphism
X → Z. Thanks to Proposition 2.18 we can reduce ourselves to the case where X → S has the structure of a
square-zero extension. In this case, the result follows from Lemma 2.34 combined with our hypothesis. 
Our goal now is to give an alternative description of analytic formal moduli problems under X ∈ dAnk, in
terms of derived k-analytic stacks:
Construction 2.37. Consider the ∞-category of derived k-analytic stacks, dAnStk. We have a natural functor
h : AnNilX/ → dAnk ↪→ dAnStk.
Therefore, given any derived k-analytic stack Y equipped with a morphism X → Y , one can consider its
restriction to the ∞-category AnNilX/:
Y ◦ h : AnNilopX/ → S.
We have thus a natural restriction functor
h∗ : dAnStk → Fun(AnNilopX/, S).
On the other hand, Proposition 2.30 allows us to define a natural functor
F : AnNilopX/ → dAnStk
via the formula
(X → Y ) ∈ AnFMPX/ 7→ colim
S∈AnNilcl
X//Y
S,
the colimit being computed in the ∞-category dAnStk. The latter agrees with the left Kan extension of the
functor
h : AnNilX/ → dAnStk,
along the natural inclusion functor AnNilX/ ↪→ AnFMPX/. In particular, any analytic formal moduli under X
when regarded as a derived k-analytic stack can be realized as an ind-inf -object, i.e. it can be written as a
filtered colimit of nil-embeddings X → Z. We refer the reader to [GR17b, §1] for a precise meaning of the
latter notion in the algebraic setting.
Definition 2.38. Let f : X → Y be a morphism in the ∞-category dAnStk. We shall say that f has a
deformation theory if it satisfies the following conditions:
(1) Both X and Y is nilcomplete, c.f. [PY17, Definition 7.4];
(2) Y is infinitesimally cartesian if it satisfies [PY17, Definition 7.3];
(3) The morphism f : X → Y admits a relative analytic pro-cotangent complex, i.e., if it satisfies [PY17, Defi-
nition 7.6] under the weaker assumption that the corresponding derivation functor is pro-corepresentable.
Proposition 2.39. Let Y ∈ (dAnStk)X/. Assume further that Y admits a deformation theory. Then Y is
equivalent to an analytic formal moduli problem under X.
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Proof. We must prove that given a pushout diagram
S S′
T T ′
f
g
in the ∞-category AnNilX/, where f has the structure of a square-zero extension, then the natural morphism
Y (T ′)→ Y (T )×Y (S) Y (S′),
is an equivalence in the ∞-category S. Suppose further that S ↪→ S′ is associated to some analytic derivation
d : LanS → F[1],
for some F ∈ Coh+(S)≥0. Thanks to Corollary 2.24 we deduce that the induced morphism T → T ′ admits a
structure of a square-zero extension, as well. Then, by our assumptions that Y is infinitesimally cartesian and
it admits a relative pro-cotangent complex, we obtain a chain of natural equivalences of the form
Y (T ′) '
⊔
f : T→Y
MapT/(T ′, Y )
'
⊔
f : T→Y
MapPro(Coh+(T ))Lan
T
/
(LanT/Y , g∗(F)[1])
'
⊔
f : T→Y
MapPro(Coh+(S))g∗Lan
T
/
(g∗LanT/Y ,F[1])
'
⊔
f : T→Y
MapPro(Coh+(S))Lan
S
/
(LanS/Y ,F[1])
'
⊔
f : T→Y
MapS/(S′, Y )
' Y (T )×Y (S) Y (S′),
where only the fourth equivalence requires an additional justification, namely: it follows from the existence of a
commutative diagram between fiber sequences
g∗f∗LanY g∗LanT g∗LanT/Y
(f ◦ g)∗LanY LanS LanS/Y ,
=
in the ∞-category Pro(Coh+(S)) combined with the fact that the derivation dT : LanT → g∗(F)[1] is induced
from
d : LanS → F[1],
as in the proof of Corollary 2.24. The result now follows. 
Proposition 2.40. Let Z ∈ (dAnStk)X/ such that the structural morphism X → Z is a nil-isomorphism and
assume that Z admits a deformation theory. Then the natural morphism
colim
S∈AnNilcl
X//Z
S → Z,
in the ∞-category (dAnStk)/X , is an equivalence.
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Proof. We shall prove that for every derived k-analytic space T ∈ dAnk, any diagram of the form
X Z
T
f
g h ,
factors through an object
X → S → Z,
in AnNilclX//Z . Consider the commutative diagram
Xred Tred
X T Z,
(2.7)
in the ∞-category dAnStk. Since Zred ' Xred we obtain that Tred → Z factors necessarily through the colimit
colim
S∈AnNilcl
X//Z
S ∈ AnPreStk.
Assume first that T is bounded, i.e. T ∈ dAn<∞k . Then we can construct T out of Tred via a finite sequence of
square-zero extensions, as in Proposition 2.18. Therefore, in order to construct a factorization
T → S → Z,
in AnPreStkX/, we reduce ourselves to the case where the morphism Tred → T is itself a square-zero extension.
In this case, let
d : LanTred → F[1],
where F ∈ Coh+(Tred)≥0 be the associated derivation. The existence of the diagram (2.7) implies that we have
a commutative diagram of the form
g∗LanTred L
an
Xred
LanXred/Tred
f∗LanZ LanXred L
an
Xred/Z
,
in the ∞-category Pro(Coh+(X)). For this reason, the limit-colimit formula for mapping spaces in pro-∞-
categories implies that the natural morphism
LanXred/Z → LanXred/Tred ,
in the ∞-category Pro(Coh+(X)) factors necessarily via a morphism of the form
LanXred/S → LanXred/Tred ,
for some suitable S ∈ AnNilclX//Z . Thus the existence problem
Tred T
Xred = Sred S Z,
admits a solution T → S → Z, as desired. If T ∈ dAnk is a general derived k-analytic space, we reduce
ourselves to the bounded case using the fact that Z is nilcomplete. 
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Corollary 2.41. The functor
F : AnFMPX/ → (dAnStk)X/,
is fully faithful. Moreover, its essential image coincides with those Z ∈ (dAnStk)X/ which admit deformation
theory.
Proof. Let (dAnStk)defX/ ⊆ (dAnStk)X/ denote the full subcategory spanned by derived k-analytic stacks under
X admitting a deformation theory. It is clear that the natural functor
F : AnFMPX/ → (dAnStk)X/,
factors through the full subcategory (dAnStk)defX/ . Moreover, the restriction functor
res : (dAnStk)defX/ → Fun(AnNilopX/, S),
factors through AnFMPX/ ⊆ Fun(AnNilopX/, S). Moreover, Proposition 2.40 implies that the restriction functor
that F and res are mutually inverse functors, proving the claim. 
2.4. Analytic formal moduli problems over a base. Let X ∈ dAnk denote a derived k-analytic space.
In [PY20, Definition 6.11] the authors introduced the ∞-category of analytic formal moduli problems over X,
which we shall review:
Notation 2.42. Let X ∈ dAnk. We shall denote by AnNil/X the full subcategory of (dAnk)/X spanned by
nil-isomorphisms
Z → X,
in the ∞-category dAnk.
Definition 2.43. We denote by AnFMP/X ⊆ Fun(AnNilop/X , S) the full subcategory spanned by those functors
Y : AnNilop/X → S satisfying the following:
(1) Y (Xred) ' ∗;
(2) The natural morphism
Y (S)→ lim
n≥1
Y (t≤n(S)),
induced by the natural inclusion morphisms t≤n(S)→ S for each n ≥ 0, is an equivalence in S;
(3) For each pushout diagram
S S′
T T ′,
f
g
in AnNil/X , for which f has the structure of a square-zero extension, the canonical morphism
Y (T ′)→ Y (T )×Y (S) Y (S′),
is an equivalence in S.
Definition 2.44. We shall denote by AnNilcl/X ⊆ AnNil/X the faithful subcategory in wich we allow morphisms
i : S → S′,
where i is a nil-embedding in dAnk.
We start with the analogue of Proposition 2.30 in the setting of analytic formal moduli problems over X:
Proposition 2.45. Let Y ∈ AnFMP/X . The following assertions hold:
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(1) The inclusion functor
(AnNilcl/X)/Y → (AnNil/X)/Y ,
is cofinal.
(2) The natural morphism
colim
Z∈(AnNilcl
/X
)/Y
Z → Y,
is an equivalence in the ∞-category AnFMP/X .
(3) The ∞-category AnNilcl/X is filtered.
We shall refer to objects in AnFMP/X as formal moduli problems over X.
Proof. We first prove assertion (1). Let S → Z be a morphism in (AnNilcl/X)/Y . Consider the pushout diagram
Sred S
Z Z ′,
(2.8)
in the ∞-category AnNil/X whose existence is guaranteed by Proposition 2.23. Since the upper horizontal
morphism in (2.8) is a nil-embedding combined with the fact that Y is itself convergent, we can reduce ourselves
via Proposition 2.18 to the case where the latter is an actual square-zero extension. Since Y is assumed to be
an analytic formal moduli problem over X we then deduce that the canonical morphism
Y (Z ′)→ Y (Z)×Y (Sred) Y (S)
' Y (Z)× Y (S),
is an equivalence (we implicitly used above the fact that Sred ' Xred). As a consequence the object (Z ′ → X)
in AnNil/X admits an induced morphism Z ′ → Y making the required diagram commute. Thanks to
Proposition 2.23 we deduce that both S → Z ′ and Z → Z ′ are nil-embeddings. Therefore, we can factor the
diagram
S Z
Y
via a closed nil-isomorphism Z → Z ′. As a consequence, we deduce readily that the inclusion functor
(AnNilcl/X)/Y → (AnNil/X)/Y ,
is cofinal. Assertion (2) is now an immediate consequence of (1). We now prove (3). Let
θ : K → (AnNilcl/X)/Y ,
be a functor where K is a finite ∞-category. We must show that θ can be extended to a functor
θB : KB → (AnNilcl/X)/Y .
Thanks to Proposition 2.18 we are allowed to reduce ourselves to the case where morphisms indexed by K are
square-zero extensions. The result now follows from the fact that Y being an analytic moduli problem sends
finite colimits along square-zero extensions to finite limits. 
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Lemma 2.46. Let X ∈ dAnk. Given any Y ∈ AnFMPX/, then for each i = 0, 1 the i-th projection morphism
pi : X ×Y X → X,
computed in the ∞-category dAnStk lies in the essential image of AnFMP/X via the canonical functor
AnFMP/X → (dAnStk)/X .
Proof. Consider the pullback diagram
X ×Y X X
X Y,
p1
p0
computed in the ∞-category dAnStk. Thanks to Proposition 2.30 together with the fact that fiber products
commute with filtered colimis in the ∞-category dAnStk, we deduce that
X ×Y X ' colim
Z∈AnNilcl
X//Y
X ×Z X,
in dAnStk. It is clear that (pi : X×ZX → X) lies in the essential image of AnFMP/X , for each Z ∈ (AnNilcl/X)/Y
and i = 0, 1. Thus also the filtered colimit
(pi : X ×Y X → X) ∈ AnFMP/X , for i = 0, 1,
as desired. 
Just as in the previous section we deduce that every analytic formal moduli problem over X admits the
structure of an ind-inf -object in AnPreStkk:
Corollary 2.47. Let Y ∈ (dAnStk)/X . Then Y is equivalent to an analytic formal moduli problem over X if
and only if there exists a presentation
Y ' colim
i∈I
Zi,
where I is a filtered ∞-category and for every i→ j in I, the induced morphism
Zi → Zj ,
is a closed embedding of derived k-affinoid spaces that are nil-isomorphic to X.
Proof. It follows immediately from Proposition 2.45 (2). 
Definition 2.48. Let Y ∈ AnFMP/X . We define the∞-category of coherent modules on Y , denoted Coh+(Y ),
as the limit
Coh+(Y ) := lim
Z∈(dAnk)/Y
Coh+(Z),
computed in the ∞-category Catst∞. We define the ∞-category of pseudo-pro-coherent modules on Y , denoted
Props(Coh+(Y )), as
Props(Coh+(Y )) := lim
Z∈(AnNilcl
/X
)/Y
Pro(Coh+(Z)),
where the limit is computed in the ∞-category Catst∞.
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Definition 2.49. Let Y ∈ AnFMP/X , Z ∈ dAfdk and let F ∈ Coh+(Z)≥0. Suppose furthermore that we are
given a morphism f : Z → Y . We define the tangent space of Y at f twisted by F as the fiber
TanY,Z,F,f := fibf
(
Y (Z[F])→ Y (Z)) ∈ S.
Whenever the morphism f is clear from the context, we shall drop the subscript f above and denote the tangent
space simply by TanY,Z,F.
Remark 2.50. Let Y ∈ AnFMP/X . The equivalence of ind-objects
Y ' colim
S∈(AnNilcl
/X
)/Y
S,
in the ∞-category dAnStk, implies that, for any Z ∈ dAfdk, one has an equivalence of mapping spaces
MapdAnStk(Z, Y ) ' colim
S∈(AnNilcl
/X
)/Y
MapAnPreStk(Z, S).
For this reason, given any morphism f : Z → Y and any F ∈ Coh+(Z)≥0, we can identify the tangent space
TanY,Z,F with the filtered colimit of spaces
TanY,Z,F ' colim
S∈(AnNilcl
/X
)Z//Y
fibf
(
S(Z[F])→ S(Z)) (2.9)
' colim
S∈(AnNilcl
/X
)Z//Y
TanS,Z,F (2.10)
' colim
S∈(AnNilcl
/X
)Z//Y
MapCoh+(Z)(f∗S,Z(LanS ),F), (2.11)
where fS,Z : Z → S is a transition morphism, in (dAnk)/X , factoring f : Z → Y such that
(S → X) ∈ AnNilcl/X .
The final equivalence in (2.9), follows from [PY17, Lemma 7.7]. Therefore, we deduce that the analytic formal
moduli problem Y ∈ AnFMP/X admits an absolute pro-cotangent complex given as
LanY := {f∗S,Z(LanS )}Z,S∈(AnNilcl
/X
)/Y ∈ Props(Coh+(Y )).
Corollary 2.51. Let Y ∈ AnFMP/X . Then its absolute cotangent complex LanY classifies analytic deformations
on Y . More precisely, given any morphism Z → Y where Z ∈ dAfdk and F ∈ Coh+(Z)≥0 one has a natural
equivalence of mapping spaces
TanY,Z,F ' MapPro(Coh+(Y ))(LanY ,F).
Proof. It follows immediately from the natural equivalences displayed in (2.9) combined with the description of
mapping spaces in ∞-categories of pro-objects. 
We now introduce the notion of square-zero extensions of analytic formal moduli problems over X:
Construction 2.52. Let (f : Y → X) ∈ AnFMP/X . Let d : LanY → F[1] be an analytic derivation in
Pro(Coh+(Y )), where F ∈ Coh+(Y )≥0, such that
F ' f∗(F′),
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for some suitable object F′ ∈ Coh+(X)≥0. Thanks to Remark 2.50 one has the following sequence of natural
equivalences of mapping spaces
MapPro(Coh+(Y ))(LanY ,F[1]) ' lim
S∈(AnNilcl
/X
)/Y
colim
S′∈(AnNilcl
/X
)S//Y
MapPro(Coh+(S))(f∗S,S′(LanS′ ), g∗S(F′)[1]) (2.12)
' lim
S∈(AnNilcl
/X
)/Y
colim
S′∈(AnNilcl
/X
)S//Y
MapPro(Coh+(S))(LanS′ , (fS,S′)∗g∗S(F′)[1]), (2.13)
where gS : S → X denotes the structural morphism in AnNilcl/X and fS,S′ : S → S′ a given transition morphism
in the ∞-category (AnNilcl/X)/Y . For this reason, we can form the filtered colimit
Y ′ := colim
S∈(AnNilcl
/X
)/Y
colim
S′∈(AnNilcl
/X
)S//Y
S′ ∈ dAnStk,
where S′ → S′ denotes the square-zero extension induced from d together with (2.12). By construction, one has
a natural morphism Y ↪→ Y ′ in the ∞-category (dAnStk)/X . Moreover, thanks to Proposition 2.39 it follows
that Y ′ ∈ AnFMP/X .
Definition 2.53. Let Y ∈ AnFMP/X . Suppose we are given an analytic derivation
d : LanY → F[1],
in Pro(Coh+(Y )) where F ∈ Coh+(Y )≥0 is such that F ' f∗(F′), for some F′ ∈ Coh+(X)≥0. We shall say
that the induced morphism
h : Y → Y ′,
defined in Construction 2.52, is a square-zero extension of Y associated to the analytic derivation d.
Corollary 2.54. Let Y ∈ AnFMP/X . Let h : X ↪→ S denote a square-zero extension in dAnk. Then the space
of cartesian squares
Y Y ′
X S,
h′
f g
h
such that h′ : Y → Y ′ is a square-zero extension and g : Y ′ → S exhibits the former as an analytic formal
moduli problem over S is naturally equivalent to the space of factorizations
f∗LanX → LanY → f∗(F′)[1],
in Props(Coh+(Y )), of the analytic derivation d : LanX → F′[1] associated to the morphism h above.
Proof. By the universal property of filtered colimits together with the fact that these preserve fiber products
we reduce the statement to the case where Y ∈ AnNil/X and thus Y ′ ∈ AnNil/S , in which case the statement
follows immediately by the universal property of the relative analytic cotangent complex. 
Corollary 2.55. Let f : Z → X be a morphism in the ∞-category dAnk. Suppose we are given analytic formal
moduli problems
f : Y → X and g : Z˜ → Z
together with a commutative diagram
Z˜ Y
Z X,
s
f
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in the ∞-category dAnStk. Let d : LanZ → F[1], where F ∈ Coh+(Z)≥0, be an analytic derivation corresponding
to a square-zero extension morphism Z → Z ′ in the ∞-category dAnk. Assume that d induces a square-zero
extension d˜ : Lan
Z˜
→ F[1] and let h : Z˜ ↪→ Z˜ ′ be the induced square-zero extension in dAnStk such that we have
a cartesian diagram
Z˜ Z˜ ′
Z Z ′
in the ∞-category dAnStk. Then the space of factorizations
s : Z˜ → Z˜ ′ → Y,
is naturally equivalent to the space of factorizations
d˜ : Lan
Z˜
→ Lan
Z˜/Y
→ F[1],
in the ∞-category Pro(Coh+(Z˜)).
Proof. The statement holds true in the case where Z˜ ∈ AnNil/Z and Y ∈ AnNil/X , by the universal property
of the relative cotangent complex. The general case is reduced to the previous one by a standard argument
with ind-objects in dAnStk. 
2.5. Non-archimedean nil-descent for almost perfect complexes. In this §, we prove that the ∞-
category Coh+(X), for X ∈ dAnk satisfies nil-descent with respect to morphims Y → X, which exhibit the
former as an analytic formal moduli problem over X.
Proposition 2.56. Let f : Y → X, where X ∈ dAnk and Y ∈ AnFMP/X . Consider the Čech nerve
Y • : ∆op → dAnStk associated to f . Then the natural functor
f∗• : Coh+(X)→ lim
∆
(Coh+(Y •)),
is an equivalence of ∞-categories.
Proof. Consider the natural equivalence of derived k-analytic stacks
Y ' colim
Z∈(AnNilcl
/X
)/Y
Z.
Then, by definition one has a natural equivalence
Coh+(Y ) ' lim
Z∈(AnNilcl
/X
)/Y
Coh+(Z),
of ∞-categories. In particular, since totalizations commute with cofiltered limits in Cat∞, it follows that we
can suppose from the beginning that Y ' Z for some Z ∈ AnNil/X . In this case, the morphism f : Y → X is
affine. In particular, the fact that Coh+(−) satisfies descent along admissible open immersions, combined with
Lemma 2.14 we further reduce ourselves to the case where both X and Y are derived k-affinoid spaces. In
this case, by Tate acyclicity theorem it follows that letting A := Γ(X,OalgX ) and B := Γ(Y,O
alg
Y ), the pullback
functor f∗ can be identified with the usual base change functor
Coh+(A)→ Coh+(B).
In this case, it follows that B is nil-isomophic to A. Moreover, since the latter are noetherian derived k-algebras
the statement of the proposition follows due to [HLP14, Theorem 3.3.1]. 
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We now deduce pseudo-pro-nil-descent for moprhisms of the form Y → X, which exhibit Y as an analytic
formal moduli problem over X:
Corollary 2.57. Let X ∈ dAnk and f : Y → X a morphism in dAnStk which exhibits Y as an analytic formal
moduli problem over X. Then the natural functor
f∗• : Pro(Coh+(X))→ lim
∆
(PropsCoh+(Y •/X)),
is fully faithful, where Y • denotes the Čech nerve associated to the morphism f . Moreover, the essential image
of the functor f∗• identifies canonically with the full subcategory
′
lim
∆
Props(Coh+(X)) ⊆ lim
∆
Props(Coh+(Y •/X)),
spanned by those {Fi,[n]}i∈Iop,[n] ∈ lim∆(Props(Coh+(Y •/X))), for some filtered ∞-category I, which belong to
the essential image of the natural functor
lim
∆
Fun(Iop,Coh+(Y •/X))→ lim
∆
Props(Coh+(Y •/X)).
Proof. By the very definition of the ∞-category Props(Coh+(Y )), we reduce ourselves as in Proposition 2.56 to
the case where Y = S, for some S ∈ AnNil/X . In this case, it follows readily from Proposition 2.56 that the
natural functor
f∗• : Pro(Coh+(X))→ lim
∆
Props(Coh+(S•/X)),
is fully faithful. We now proceed to prove the second claim of the corollary. Notice that, Proposition 2.22
implies that there exists a well defined right adjoint
f∗ : Coh+(S)→ Coh+(X),
to the usual pullback functor f∗ : Coh+(X)→ Coh+(S). We can extend the right adjoint f∗ to a well defined
functor
f∗ : Pro(Coh+(S))→ Pro(Coh+(X)),
which commutes with cofiltered limits. For this reason, we have a well defined functor
f•,∗ : lim
∆
(Pro(Coh+(S•/X)))→ Pro(Coh+(X)),
which further commutes with cofiltered limits. Denote by D := lim∆(Pro(Coh+(S•/X))). We claim that
f•,∗ is a right adjoint to f∗• above. Indeed, given any {Fi}i∈Iop ∈ Pro(Coh+(X)) and {Gj,[n]}j∈Jop[n],[n]∈∆op ∈
lim∆(Pro(Coh+(S•/X))), we compute
MapD(f∗• ({Fi}i∈Iop), {Gj,[n]}j∈Jop[n],[n]∈∆op) ' lim[n]∈∆MapProps(Coh+(S[n]))
(
{f•[n](Fi)}i∈Iop , {Gi,[n]}i∈Iop[n]
)
lim
[n]∈∆op
lim
j∈Jop[n]
colimi∈I MapCoh+(S[n])(f∗[n](Fi),Gi,[n]) ' lim[n]∈∆ limj∈Jop[n]
colim
i∈I
MapCoh+(X)(Fi, f[n],∗(Gi,[n]))
lim
[n]∈∆op
MapPro(Coh+(X))({Fi}i∈Iop , {f[n],∗(Gi,[n])}i∈Iop[n]) ' MapPro(Coh+(X))({Fi}i∈Iop , lim[n]∈∆{f[n],∗(Gi,[n])}i∈Iop[n]),
as desired. It is clear that the functor f∗• above factors through the full subcategory
′
lim
∆
(Props(Coh+(S•/X))) ⊆ lim
∆
(Pro(Coh+(S•/X))).
For this reason, the pair (f∗• , f•,∗) restricts to a well defined adjunction
f∗• : Pro(Coh+(X)) 
′
lim
∆
(Pro(Coh+(S•/X))) : f•,∗.
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In order to conclude, we will show that the functor
f•,∗ :
′
lim
∆
(Pro(Coh+(S•/X)))→ Pro(Coh+(X)),
is conservative. Since both the ∞-categories Pro(Coh+(X)) and lim′∆(Props(Coh+(Y S • /X))) are stable, we
are reduced to prove that given any
{Gi,[n]}i∈Iop ∈
′
lim
∆
(Props(Coh+(S•/X))),
such that
lim
[n]∈∆
f•,∗({Gi,[n]}i∈Iop) ' 0, (2.14)
we necessarily have
{Gi,[n]}i∈Iop ' 0,
in lim′∆(Props(Coh+(S•/X))). Assume then (2.14). Under our hypothesis, for each index i ∈ I, the object
{Gi,[n]}[n]∈∆ satisfies descent datum and thanks to Proposition 2.56 it produces a uniquely well defined object
Gi ∈ Pro(Coh+(X)),
such that for every [n] ∈∆, one has a natural equivalence of the form
f∗[n](Gi) ' Gi,[n]
∈ Coh+(S[n]).
We deduce then that
f∗• ({Gi}i∈Iop) ' {Gi,[n]}i∈Iop,[n]
' 0,
in lim′∆ Props(Coh+(S•/X)), as desired. 
We now use the pseudo-pro-nil-descent for Pro(Coh+(X)) to compute relative analytic cotangent complexes
of analytic formal moduli problems over X:
Corollary 2.58. Let f : Z → X be a morphism in dAnk. Suppose we are given a pullback square
Z˜ Y
Z X,
h
in the ∞-category dAnStk, where (Y → X) ∈ AnFMP/X and (g : Z˜ → Z) ∈ AnFMP/Z . Then the lax-object
{Lan
Z˜[n]/Y [n]
} ∈ lim
lax,∆
(Props(Coh+(Z˜•/Z))),
defines a cartesian section
{Lan
Z˜[n]/Y [n]
} ∈ lim
∆
Pro(Coh+((Z˜)•/Z)),
which belongs to the essential image of the natural functor
g∗• : Pro(Coh+(Z))→ lim
∆
Pro(Coh+(Z˜•/Z)).
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Proof. We first show that the object
{Lan
(Z˜)[n]/Y [n]
} ∈ lim
lax,∆
Props(Coh+((Z˜)•/Z)),
defines a cartesian section in
lim
∆
Pro(Coh+((Z˜)•/Z)).
In order to show this assertion, it is sufficient to prove for every [n] ∈∆, that we have a natural equivalence
p∗i,n,n+1(LanZ˜[n]/Y [n]) ' L
an
Z˜[n+1]/Y [n+1]
,
in the ∞-category Props(Coh+((Z˜)[n+1])), for each projection morphism
pi,n,n+1 : Z˜ [n+1] → Z˜ [n],
in the Čech nerve associated to the morphism g. The latter claim is an immediate consequence of the base change
property for the relative analytic cotangent complex whenever Y ∈ AnNil/X (and thus so do Z˜ ∈ AnNil/Z)),
c.f. [PY17, Proposition 5.12]. In the general case where Y ∈ AnFMP/X , we reduce to the previous case
by combining Proposition 2.45 with the observation that filtered colimits commute with finite limits in the
∞-category dAnStk.
We now prove the second assertion of the Corollary: thanks to the characterization of the essential image of
natural functor
g∗• : Pro(Coh+(Z))→ lim
∆
Props(Coh+((Z˜)•/Z)),
provided in Corollary 2.57, we are reduced to show that for each [n] ∈ ∆, we have a natural equivalence of
pro-objects
Lan
Z˜[n]/Y [n]
' {Lan
S˜[n]/S[n]
}
S˜∈(AnNil/Z)
/Z˜
, S∈(AnNil/X)/Y ,
where S˜ := S ×X Z, for each S ∈ (AnNilcl/X)/Y .The latter statement follows readily from the first part of the
proof combined with a standard inductive argument. 
2.6. Non-archimedean formal groupoids. Let X ∈ dAnk. We start with the definition of the notion of
analytic formal groupoids over X:
Definition 2.59. We denote by AnFGrpd(X) the full subcategory of the ∞-category of simplicial objects
Fun(∆op,AnFMP/X),
spanned by those objects F : ∆op → AnFMP/X satisfiying the following requirements:
(1) F ([0]) ' X ;
(2) For each n ≥ 1, the morphism
F ([n])→ F ([1])×F ([0]) · · · ×F ([0]) F ([1]),
induced by the morphisms si : [1]→ [n] given by (0, 1) 7→ (i, i+ 1), is an equivalence in AnFMP/X .
We shall refer to objects in AnFGrpd(X) as analytic formal groupoids over X.
Remark 2.60. Note that Proposition 2.45 implies that fiber products exist in AnFMP/X . Therefore, the
previous definition is reasonable.
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Construction 2.61. Thanks to Lemma 2.46, there exists a well defined functor Φ: AnFMPX/ → AnFGrpd(X)
given by the formula
(X f−→ Y ) ∈ AnFMPX/ 7→ Y ∧X ∈ AnFGrpd(X),
where we shall denote by Y ∧X ∈ AnFGrpd(X) the Čech nerve of the morphism f computed in AnFMP/X . The
latter defines a formal groupoid over X admitting
. . . X ×Y X ×Y X X ×Y X X ,
as simplicial presentation. We shall denote the later simplicial object simply by X×Y • ∈ AnFGrpd(X).
Remark 2.62. Let (X → Y ) ∈ AnFMPX/ and consider the corresponding analytic formal groupoid Y ∧X ∈
AnFMP(X). The diagonal morphism
∆: X → X ×Y X,
in AnFMPX/ induces a well defined morphism
X → X×Y •,
in Fun(∆op,AnFMPX/), where X×Y • denotes the Čech nerve of the morphism X → Y computed in the
∞-category AnFMPX/.
Construction 2.63. Let G ∈ AnFGrpd(X). Consider the classifying derived k-analytic stack, BX(G)pre ∈ dAnStk,
obtained as the geometric realization of the simplicial object G, regarded naturally as a functor
G : ∆op → dAnStk,
via the natural composite AnFMP/X → (dAnStk)/X → dAnStk. Given any Z ∈ dAfdk, the space of Z-points
of BX(G)pre,
BX(G)pre(Z),
can be identified with the space whose objects correspond to the datum of:
(1) A morphism Z˜ → X, where Z˜ ∈ dAnStk, such that
Z˜ ' Z ×BX(G)pre X;
(2) A morphism of groupoid-objects
Z˜ ×Z Z˜ → G,
in the ∞-category dAnStk.
We now define BX(G) → BpreX (G) as the sub-object spanned by those connected components of BX(G)pre
corresponding to morphisms Z˜ → Z in Construction 2.63 (1) which exhibit Z˜ ∈ AnFMP/Z . Denote by
can: BX(G)→ BX(G)pre,
the canonical morphism. It follows from the construction that the natural morphism
X → BX(G)pre,
factors as X → BX(G) can−−→ BX(G)pre.
We are able to prove that the object BX(G) admits a deformation theory:
Lemma 2.64. The natural morphism X → BX(G) exhibits the latter as an object in the ∞-category AnFMPX/
of analytic formal moduli problems under X.
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Proof. Thanks to Proposition 2.39 it suffices to prove that BX(G) is infinitesimally cartesian and it admits
furthermore a pro-cotagent complex. The fact that BX(G) is infinitesimally cartesian follows from the modular
description of BX(G) combined with the fact that G is infinitesimally cartesian, as well. Similarly, BX(G) being
nilcomplete follows again from its modular description combined with the fact that analytic formal moduli
problems are nilcomplete.
We are thus required to show that BX(G) admits a global pro-cotangent complex. Let Z ∈ dAnk and suppose
we are given an arbitrary morphism
q : Z → BX(G),
in the ∞-category dAnStk. Thanks to Corollary 2.57 combined with Corollary 2.58 it follows that the object
{Lan
Z˜[n]/G[n]
}[n]∈∆ ∈ lim
∆
Props(Coh+(Z˜•/Z)),
defines a well defined object (LanZ/BX(G))
′ ∈ Pro(Coh+(Z)). Moreover, it is clear that there exists a natural
morphism
θ : LanZ → (Lan
′
Z/BX(G))
′,
in the ∞-category Pro(Coh+(Z)), as this holds in each level of the totalization. Let
q∗(LanBX(G))
′ := fib(θ),
computed in the ∞-category Pro(Coh+(Z)). We claim that q∗(LanBX(G))′ identifies with the analytic cotangent
complex of BX(G) at the point q : Z → BX(G). Let
Z ↪→ Z ′,
denote a square-zero extension which corresponds to a certain analytic derivation
d : LanZ → F[1],
for some F ∈ Coh+(Z)≥0. Using Corollary 2.54 we deduce that the space of cartesian squares of the form
Z˜ Z˜ ′
Z Z ′
where the morphism Z˜ → Z˜ ′ is a square-zero extension in the ∞-category dAnStk is equivalent to the space of
factorizations
d : g∗LanZ → LanZ˜
d′−→ g∗(F)[1],
in the ∞-category Pro(Coh+(Z˜)). Apply the same reasoning to the each object in the Čech nerve
Z˜• → Z.
Furthermore, Corollary 2.55 implies that the space of factorizations
Z˜• → (Z˜ ′)• → G•,
identifies with the space of factorizations
d′ : Lan
Z˜•
→ Lan
Z˜•/G
→ g∗(F)[1],
in the ∞-category Pro(Coh+(Z˜)). Corollary 2.58 implies that the above factorization space can be identified
with the space of factorizations
d : LanZ → (LanZ/BX(G))′ → F[1].
SPREADING OUT THE HODGE FILTRATION IN NON-ARCHIMEDEAN GEOMETRY 35
This implies that (LanZ/BX(G))
′ satisfies the universal property of the relative analytic pro-cotangent complex
associated to X → BX(G), as desired. 
Theorem 2.65. The functor Φ: AnFMP/X → AnFGrpd(X) of Construction 2.61 is an equivalence of ∞-
categories.
Proof. Let G ∈ AnFGrpd(X). Thanks to Lemma 2.64, we have a well defined functor
BX(−) : AnFGrpd(X)→ AnFMPX/,
given on objects by the association G ∈ AnFGrpd(X) 7→ BX(G) ∈ AnFMPX/. Thanks to (1) in Construc-
tion 2.63 it follows that one has a canonical equivalence
X ×BX(G) X ' G,
in dAnStk. This shows that the construction
BX(G) : AnFGrpd(X)→ AnFMPX/,
is a right inverse to Φ. As a consequence the functor Φ is essentially surjective. Thanks to Proposition 2.36 we
are reduced to show that the canonical morphism
Y → BX(X ×Y X),
induces an equivalence on the associated relative analytic cotangent complexes. The claim is an immediate
consequence of the description of LanX/BX(X×YX) provided in Lemma 2.64 together with Corollary 2.58. 
Remark 2.66. It follows from Theorem 2.65 that given (X → Y ) ∈ AnFMPX/, we can identify the latter with
the geometric realization of the associated Čech nerve, the latter regarded as a simplicial object in AnFMPX/
via the diagonal morphisms.
2.7. The affinoid case. Let X ∈ dAfdk denote a derived k-affinoid space. Thanks to derived Tate aciclycity
theorem, cf. [PY18a, Theorem 3.1] the global sections functor
Γ: Coh+(X)→ Coh+(A),
where A := Γ(X,OalgX ) ∈ CAlgk, is an equivalence of ∞-categories. Since ordinary k-affinoid algebras are
Noetherian, we deduce that A ∈ CAlgk is a Noetherian derived k-algebra.
Notation 2.67. Let X ∈ dAfdk and A := Γ(X,OX). We denote by
FMP/ SpecA ∈ Cat∞,
the ∞-category of algebraic formal moduli problems over SpecA, (c.f. [PY20, Definition 6.11]).
Theorem 2.68. ([PY20, Theorem 6.12]) Let X ∈ dAfdk and A := Γ(X,OalgX ) ∈ CAlgk. Then the induced
functor
(−)an : FMP/ SpecA → AnFMP/X ,
is an equivalence of ∞-categories.
As an immediate consequence, we obtain the following result:
Corollary 2.69. Let X ∈ dAfdk and A := Γ(X,OalgX ). Then one has an equivalence of ∞-categories
FMPSpecA// SpecA → AnFMPX//X ,
of pointed algebraic formal moduli problems over SpecA and pointed analytic formal moduli problems over X,
respectively.
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Proof. It is an immediate consequence of Theorem 2.68. Indeed, equivalences of ∞-categories with final objects
induce natural equivalences on the associated ∞-categories of pointed objects. 
Lemma 2.70. Consider the natural functor
F : AnFGrpd(X)→ AnFMPX//X ,
given on objects by the formula G ∈ AnFGrpd(X) 7→ G([1]) ∈ Ptd(AnFMP/X). Then F is conservative and
commutes with sifted colimits.
Proof. The proof of [GR17b, Corollary 5.2.2.4] applies in our setting to show that the functor F : AnFGrpd(X)→
Ptd(AnFMP/X) commutes with sifted colimits. We are reduced to prove that F is also conservative. Let
f : G→ G′ be a morphism in AnFGrpd(X). The equivalence of ∞-categories
BX(•) : AnFGrpd(X)→ AnFMPX/,
of Theorem 2.65 implies that the morphism f can be obtained as the Čech nerve of a morphism
f˜ : BX(G)→ BX(G′),
in AnFMPX/. For this reason, for every [n] ∈∆, the morphism
f[n] : G([n])→ G′([n]),
is obtained as (an iterated) pullback of
f[1] : G([1])→ G′([1]).
Therefore, under the assumption that F (F ) ' f[1] is an equivalence in AnFMPX//X we deduce that f itself
must be an equivalence of analytic formal groupoids, as it is each of its components. 
Remark 2.71. Let (X f−→ Y ) ∈ AnFMPX/. Consider the diagram
X X ×Y X
X
∆
p0p1
in the ∞-category dAnStk, where ∆: X → X ×Y X denotes the usual diagonal embedding. We then obtain a
natural fiber sequence associated to the above diagram of the form
∆∗LanX×YX/X → LanX/X → LanX/X×YX . (2.15)
Notice further that by [PY17, Proposition 5.12] one has an equivalence
LanX×YX/X ' p∗iLanX/Y ,
for i = 0, 1. We further deduce that
∆∗LanX×YX/X ' LanX/Y ,
in the ∞-category Pro(Coh+(X)). Moreover, since LanX/X ' 0, we obtain from the fiber sequence (2.15) a
natural equivalence
LanX/X×YX ' LanX/Y [1],
in Pro(Coh+(X)). Moreover, we can identify the LanX×YX/X with the pro-object
LanX/X×YX ' {LanX/X×SX}S∈AnNilclX//Y ,
where LanX/X×SX ∈ Coh+(X) denotes the relative analytic cotangent complex associated to the closed embedding
X → X ×S X,
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for S ∈ AnNilclX/Y . Thanks to [PY17, Corollary 5.33] we deduce that
LanX/X×SX ' LA/A⊗BSA,
in Coh+(A), where BS = Γ(S,OalgS ), where we have a natural identification
A⊗̂BSA ' A⊗BS A,
since the morphism A→ BS is finite.
Lemma 2.72. Let X ∈ dAfdk be a derived k-affinoid space. Then the derived k-algebra of global sections
A := Γ(X,OalgX ),
admits a dualizing module (see [Lur12a, Definition 4.2.5] for the definition of the latter notion).
Proof. This is an immediate consequence of the following facts:
(1) Every regular k-algebra R admits a dualizing module, c.f. [Sta13, Tag 0AWX];
(2) Every quotient of an algebra R which admits a dualizing module admits itself a dualizing module, c.f.
[Sta13, Tag 0A7I].
(3) The ordinary affinoid k-algebra pi0(A) can be realized as a quotient of a Tate algebra on n-generators,
k〈T1, . . . , Tn〉. The latter being regular, we deduce from the previous items that pi0(A) itself admits a
dualizing module (cf. [Sta13, Tag 0AWX]).
(4) Thanks to [Lur12a, Theorem 4.3.5] it follows that A itself admits a dualizing module.
The proof is thus concluded. 
Lemma 2.73. Let X ∈ dAfdk be a bounded derived k-affinoid space and let ωA ∈ ModA denote a dualizing
module for A := Γ(X,OalgX ). Then ωA ∈ Cohb(A), where the latter denotes the full subcategory of (bounded)
coherent A-modules.
Proof. By definition it follows that for every i ∈ Z, pii(ωA) is finitely generated as a discrete pi0(A)-module. We
are thus reduced to show that ωA is bounded. Thanks to [Lur12a, Theorem 4.2.7] it follows that
ωA ' MapModA(A,ωA),
is truncated. Moreover, by definition it follows that ωA ∈ ModA is of finite injective dimension. In particular,
for every j ≥ 0, we have that
MapModA(pij(A), ωA),
is bounded. Under our assumption that X ∈ dAfdk is bounded it follows that A itself is a bounded derived
k-algebra and therefore by a standard argument on Postnikov towers, we deduce that
MapModA(A,ωA) ' ωA,
is bounded as well. 
Remark 2.74. Let X ∈ dAfdk be a derived k-affinoid algebra. If X is not bounded then neither it is A ∈ CAlgk.
For this reason, a dualizing module ωA ∈ ModA is not in general bounded. Nonetheless, the latter is always
truncated. Let m ∈ Z be such that ωA ∈ ModA is m-truncated. Thanks to the proof of [Lur12a, Theorem
4.3.5], we deduce that we have a natural equivalence
ωA ' colim
n≥0
ωτ≤n(A),
in the ∞-category ModA, where for each n ≥ 0, ωτ≤n(A) ∈ Modτ≤n(A) is a suitable m-truncated dualizing
module for the n-th truncation τ≤n(A).
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Definition 2.75. Let X ∈ dAfdk we define its ∞-category of ind-coherent sheaves as
IndCoh(X) := Ind(Cohb(A)).
Definition 2.76. Let X ∈ dAfdk be a derived k-affinoid space. Whenever X is bounded we shall denote
ωX ∈ IndCoh(X) the image of a fixed dualizing module for A := Γ(X,OalgX ) under the natural inclusion
Cohb(X) ⊆ IndCoh(X).
In the unbounded case, we shall define
ωX := colim
n≥0
ωt≤n(X) ∈ IndCoh(X),
where the {ωt≤n(X)}n≥0 denotes a compatible sequence of dualizing modules for the consecutive truncations of
X.
Notation 2.77. Let X ∈ dAfdk be a derived k-affinoid space together with a dualizing module ωX ∈
IndCoh(X). We shall denote by
DSerreX : Ind(Cohb(X)op)→ IndCoh(X),
the associated Serre duality functor, see [Ant20, §2.4].
Remark 2.78. Let (X → Y ) ∈ AnFMPX/. The pro-cotangent complex LanX/Y ∈ Pro(Coh+(X)) can be
naturally regarded as an object in the full subcategory Pro(Cohb(X)) of pro-objects of bounded almost perfect
OX -modules, c.f. [Ant20, Lemma 4.6].
Notice that we have an equivalence of ∞-categories Pro(Cohb(X))op ' Ind(Cohb(X)op). We now introduce
the central notion of the Serre tangent complex:
Definition 2.79 (Serre Tangent complex). Let Y ∈ AnFMPX/. We define the relative analytic Serre tangent
complex of X → Y as the object
TanX/Y := DSerreX (LanX/Y )
' colim
S∈AnNilcl
X//Y
DSerreX (LanX/S),
in IndCoh(X).
Remark 2.80. The previous definition depends on the choice of a dualizing module for X. Nonetheless, given
two different choices, these differ only by an invertible A-module, c.f. [Ant20, Proposition 2.4].
The following result will play a major role in the study of the deformation to the normal bundle:
Proposition 2.81. The functor TanX/• : AnFMPX/ → QCoh(X) given on objects by the formula
(X → Y ) ∈ AnFMPX/ 7→ TanX/Y ∈ IndCoh(X),
is conservative and commutes with sifted colimits.
Proof. Observe that Lemma 2.70 combined with (2.15) imply that it suffices to prove that the right vertical
functor in the diagram
FMPSpecA// SpecA AnFMPX//X
IndCoh(A) IndCoh(X),
(−)anX
TSpecA/• TanX/•
(−)an
(2.16)
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commutes with sifted colimits and is further conservative. The diagram is commutative as a consequence
of [PY20, Lemma 6.9 (2)] combined with the definition of Serre duality in IndCoh(X). Moreover, [Ant20,
Corollary 4.31] implies that
TSpecA/• : FMPSpecA// SpecA → IndCoh(A),
is both conservative and commutes with sifted colimits. Furthermore, the bottom horizontal functor in (2.16)
is an equivalence of ∞-categories, see for instance [PY20, Theorem 4.5]. Thanks to Corollary 2.69, we further
deduce that the upper horizontal functor in (2.16) is an equivalence, and the result follows. 
3. Non-archimedean Deformation to the normal bundle
In this §, we introduce the construction of the deformation to the normal cone in the setting of derived
k-analytic geometry. This construction has already been performed in the literature in the particular case of
the natural inclusion morphism
i : t0(X)→ X, X ∈ dAnk,
c.f [PY20]. On the other hand, the algebraic situation is largely understood mainly due to [GR17b].
3.1. General construction in the algebraic case. We start by recalling the definition of the simplicial
object
B•scaled ∈ Fun(∆op,dStk),
introduced in [GR17b, §9.2.2]. Namely, for each [n] ∈∆, the object Bnscaled is obtained by gluing n+ 1 copies
of A1k together along 0 ∈ A1k. Moreover, the transition morphisms
pi,n : Bn+1scaled → Bnscaled, for i ∈ {0, . . . , n},
collapse two given different irreducible components of Bn+1scaled into Bnscaled. More explicitly, for n = 0, we have
B0scaled = A1k,
and, for n = 1, B1scaled = Spec k[x, y]/(x2 − y2).
Construction 3.1. Let f : X → Y denote a morphism between locally geometric derived k-stacks in dStlaftk .
Consider the formal completion of Y on X along the morphism f
Y ∧X ∈ dStk
In [GR17b, §9.3], the authors introduced the parametrized deformation to the normal bundle associated to
f : X → Y , as the pullback
D•X/Y Y
∧
X × A1k
Map/A1
k
(B•scaled, X × A1k) Map/A1k(B
•
scaled, Y
∧
X × A1k),
(3.1)
where both X × A1k and Y ∧X × A1k are considered as constant simplicial objects in the ∞-category dStk. As a
consequence of [GR17b, Theorem 9.2.3.4], it follows that each component of the simplicial object D•X/Y admits
a deformation theory relative to X.
In particular, the object D•X/Y defines a formal groupoid over the stack X ×A1k. Moreover, Theorem 5.2.3.4
in loc. cit. allows us to associate to D•X/Y a formal moduli problem under X × A1k
DX/Y ∈ FMPX×A1
k
//Y ∧
X
×A1
k
,
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obtained via the construction provided in §5.2.4 in loc. cit. More explicitly, the object DX/Y ∈ FMPX×A1
k
/ is
computed as the sifted colimit of the simplicial diagram
D•X/Y ∈ Fun(∆op,FMPX×A1k/),
the colimit being computed in FMPX×A1
k
/. We can furthermore consider DX/Y naturally as an object in
(dStlaftk )X×A1k//Y ∧X×A1k .
Construction 3.2. Let f : X → Y a morphism of locally geometric derived k-stacks in dStlaftk . In [GR17b,
§9.2.5] the authors constructed an explicit left-lax action of the monoid-scheme object A1k (with respect to
multiplication) on the deformation to the normal bundle DX/Y . The above action implies that the structure
sheaf of DX/Y is equipped with a (negatively indexed) filtration.
Notation 3.3. We shall denote by p : DX/Y → A1k the natural composite morphism
DX/Y → Y ∧X × A1k → A1k,
in the ∞-category dStlaftk .
We shall now describe formal geometric properties of the deformation to the normal bundle DX/Y ∈
(dStlaftk )X×A1k//Y ∧X×A1k :
Proposition 3.4. Let f : X → Y denote a morphism of locally geometric derived k-stacks in the ∞-category
dStlaftk . The following assertions hold:
(1) The fiber of the morphism p : DX/Y → A1k at the fiber {0} ⊆ A1k identifies naturally with the formal
completion
TX/Y [1]∧ ∈ FMPX/,
of the shifted tangent bundle TX/Y [1]→ X along the zero section
s0 : X → TX/Y [1].
(2) For λ ∈ A1k with λ 6= 0, the fiber (DX/Y )λ canonically identifies with the formal completion
Y ∧X ∈ dStlaftk ,
of X in Y along the morphism f .
(3) (Hodge Filtration) There exists a natural sequence of morphisms
X × A1k = X(0) → X(1) → · · · → X(n) → · · · → Y,
admitting a deformation theory, in (dStlaftk )X×A1k//Y×A1k . For each n ≥ 0, the relative tangent complex
TX(n)/Y ∈ IndCoh(X(n)),
has first non-zero associated graded piece in degree n and the latter identifies naturally with
iIndCohn,∗ (Symn+1(TX/Y [1])[−1])) ∈ IndCoh(X(n)).
Dually, the pro-relative cotangent complex LX/Y ∈ Pro(Coh(X(n))) is equipped with a decreasing
filtration, starting in degree n, and the corresponding associated n-th graded piece identifies naturally
with
in,∗(Symn+1(LX/Y [−1])[1]) ∈ Pro(Cohb(X(n))).
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(4) Assume that f : X → Y is a closed immersion of derived schemes locally almost of finite presentation
then, for each n ≥ 0, the morphism
X(n) → X(n+1),
has the structure of a square-zero extension associated to a canonical morphism
d : LX(n) → LX(n)/Y → in,∗(Symn+1(LX/Y [−1])[1]),
in the ∞-category Coh+(X(n)), where
in : X × A1k → X(n)
denotes the structural morphism. In particular, if X is a derived scheme almost of finite presentation,
then so are the X(n), for each n ≥ 0.
(5) There exists a natural morphism
colim
n
X(n) → DX/Y ,
in the ∞-category FMPX×A1
k
//Y ∧
X
×A1
k
. Moreover, the latter is an equivalence of derived k-stacks almost
of finite presentation.
Proof. Assertion (1) follows formally from [GR17b, §9, Proposition 2.3.6]. Assertion (2) follows from the
observation that the fiber of the simplicial object D•X/Y at λ 6= 0 can be identified with the Čech nerve of the
(completion) of the morphism f
X
×Y∧
X
• ∈ Fun(∆op,dStlaftk ).
Therefore, its colimit taken in FMPX×A1
k
/ agrees with the formal completion Y ∧X ∈ FMPX×A1k/. The first part
of assertion (3) follows formally from [GR17b, §9, Theorem 5.1.3]. For each n ≥ 0, denote by
in : X × A1k → X(n),
the structural morphism. The latter is a proper morphism due to [Sta13, Tag 0CYK].
The statement concerning the relative cotangent complex follows formally from [GR17b, §9, Theorem 5.1.3]
by applying the Serre duality functor and combining [Gai11, Corollary 9.5.9 (b)] with [Gai11, Proposition 3.1.3]
and [GR17b, Corollary 1.4.4.2] to produce a natural identification
DSerreX
(
(iIndCohn,∗ (Sym(TX/Y [1])[−1])
) ' in,∗( Sym(LX/Y [−1])[1]),
in the ∞-category Pro(Cohb(X)). Assertion (5) is an immediate consequence of [GR17b, §9, Proposition 5.2.2].
We shall now deduce claim (4) of the Proposition: it follows from Theorem 9.5.1.3, in loc. cit., that the (Serre)
tangent complex
TX(n)/Y ∈ IndCoh(X(n)),
admits a natural (increasing) filtration whose n-th piece identifies with
iIndCohn,∗ (Symn+1(TX/Y [1]))[−1] ∈ IndCoh(X(n)).
For this reason, we have a structural morphism
iIndCohn,∗ (Symn+1(TX/Y [1]))[−1]→ TX(n)/Y ,
in the ∞-category IndCoh(X(n)). Consider then the natural composite
iIndCohn,∗ (Symn+1(TX/Y [1])[−1]))→ TX(n)/Y → TX(n) ,
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in the ∞-category IndCoh(X). Using the equivalence of ∞-categories between Lie algebroids in IndCoh(X)
and the ∞-category FMPX/, c.f. [GR17b, §8.5], one produces then a canonical morphism
X(n) → X(n+1),
in the ∞-category FMPX×A1
k
/.
In the case where f : X → Y is a closed immersion of derived schemes locally almost of finite presentation
the latter construction can be adapted in terms of the (usual) cotangent complex formalism: thanks to [Lur12b,
Corollary 8.4.3.2], the relative cotangent complex
LX/Y ∈ Coh+(X),
is 1-connective. In particular, the shift LX/Y [−1] is 0-connective. By applying the usual Serre duality functor
(c.f. [Gai11, §9]) we obtain a well defined fiber sequence
LX(n) → LX(n)/Y → in,∗
(
Symn+1(LX/Y [1])[−1])
)
, (3.2)
in the ∞-category Pro(Cohb(X)). Moreover, under our assumptions, it follows that (??) lies in the full
subcategory
Coh+(X) ⊆ Pro(Cohb(X)),
via the equivalence of ∞-categories provided in [GR17b, Corollary 1.4.4.2]. Since the right hand side of (3.2) is
1-connective, it follows from [GR17b, §8, 5.5] that the extension
X(n) → X(n+1), for n ≥ 0,
can be identified with the (usual) square-zero extension of X(n) by means of the derivation (3.2). This proves
the second part of claim (3) and the proof of the proposition is thus concluded. 
Remark 3.5. Assume that f : X → Y is a closed immersion of derived schemes locally almost of finite
presentation. Then Construction 3.1 can be simplified by taking directly Y instead of the formal completion
Y ∧X in the defining pullback square for (3.1). Indeed, we claim that the simplicial object obtained as the fiber
product
(D•X/Y )′ Y × A1k
Map/A1
k
(B•scaled, X × A1k) Map/A1k(B
•
scaled, Y × A1k),
in Fun(∆op,dStlaftk ), agrees with D•X/Y . Observe that we have a natural identification
(D•X/Y )′ ×A1k Gm ' X
×Y •,
and the latter agrees with the formal groupoid associated with (X → Y ∧X ) ∈ FMPX×A1k . Moreover, we have a
natural identification
D′X/Y ×A1k {0} ' T
•
X/Y ,
where T•X/Y denotes the groupoid object associated to the usual shifted relative tangent bundle TX/Y [1].
Under our assumption that f : X → Y is a closed immersion it follows from [Lur12b, Corollary 8.4.3.2] that
the relative cotangent complex
LX/Y ∈ Coh+(X),
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is 1-connective. As a consequence, we deduce that the natural morphism X → T•X/Y is a termwise nil-
isomorphism. As a consequence, we conclude immediately that T•X/Y agrees with the formal groupoid, over X,
associated to the formal moduli problem
(X → TX/Y [1]∧) ∈ FMPX/.
Remark 3.6. Consider the sequence of deformations in Proposition 3.4, {X(n)}n≥0. The latter defines a filtration
on the global sections of the formal completion Y ∧X , which we shall refer to as the Hodge filtration associated to
the morphism f . Therefore, Proposition 3.4 can be interpreted as a spreading out result of the Hodge filtration
from de Rham cohomology to the global sections of the formal completion.
Remark 3.7. The left-lax action of the multiplicative monoid A1k can be made explicit at the fiber of the
morphism p : DX/Y → A1k at {0} ⊆ A1k. Indeed, under the natural identification
(DX/Y )0 ' T∧X/Y [1],
we obtain that the filtration on DX/Y induces the natural filtration on T∧X/Y [1] which is obtained by considering
TX/Y ∈ IndCoh(X)gr,=1 ⊆ IndCoh(X)gr,≥0,
using notations as in [GR17b, §9.2.5.2]. Moreover, the construction of the Hodge filtration in Proposition 3.4
(3) is naturally A1k left-lax equivariant and the equivalence in Proposition 3.4 (4) is A1k left-lax equivariant, as
well.
Our goal now is to identify the Hodge filtration on Y ∧X , in the case where f : X → Y is a closed immersion:
Proposition 3.8. Let f : X → Y be a morphism of affine derived schemes. Denote by A = Γ(X,OX) and
B = Γ(Y,OY ), the corresponding derived global sections and let I := fib(B → A) denote the fiber of the induced
morphism of derived k-algebras B → A. The following assertions hold:
(1) If f : X → Y be a locally of complete intersection closed morphism in the ∞-category (dAffk)laft, then
the Hodge filtration on the formal completion Y ∧X constructed in Proposition 3.4 identifies with the usual
I-adic filtration on B∧I , by taking derived global sections.
(2) Assume that f : X → Y is a closed immersion. Then the Hodge filtration, {FilnH}, on the derived global
sections
Γ(Y ∧X ,OY ∧X ) ' B∧I ,
produces, for each n ≥ 1, natural equivalences
B/FilnH ' dRA/B/FilnH ,
of derived k-algebras. In particular, we obtain a natural equivalence of derived k-algebras
B∧I ' lim
n≥1
dRA/B/FilnH .
Proof. We first prove claim (2) of the Proposition. Since f : X → Y is a closed immersion between affines we
deduce that the relative cotangent complex LX/Y ∈ Coh+(X) is 1-connective. For this reason, the sequence
morphisms
X × A1k = X(0) ↪→ X(1) ↪→ · · · ↪→ X(n) ↪→ . . . ,
of Proposition 3.4 (4) correspond to successive square-zero extensions. Moreover, it follows from [GR17b,
Corollary 9.5.2.5] that, after applying the Serre duality functor on IndCoh, one has an equivalence
OY ∧
X
' lim
n≥0
O(X(n))λ ,
44 JORGE ANTÓNIO
in CAlgk, for any for λ 6= 0. Henceforth, at the level of derived global sections, one obtains a natural
identification
B∧I ' lim
n≥0
Γ((X(n))λ, (OX(n))λ),
in the ∞-category CAlgk. Similarly, thanks to the proof of [GR17b, §9, Theorem 5.1.3] in the case of vector
groups (c.f. [GR17b, §9.5.5]) we deduce a natural equivalence
dRA/B ' lim
n≥0
Γ((X(n))0,O(X(n))0),
in CAlgk. By the naturality of the construction of [GR17b, §9.5.1] combined with the argument provided in
[GR17b, §9.5.5] to the reduction to the case of vector groups, we deduce that
p : X(n) → A1k,
has constant fibers. Indeed, for n = 0, the natural morphism
X(0) → X(1),
corresponds, by construction, to the natural square-zero extension
LA → LA/B ,
classifying the extension
LA/B [−1]→ Sym≤1(LA/B [−1])→ A,
of A-modules. Assuming the result for n ≥ 0, we have that
LA(n)/B ∈ Coh+(A(n)),
where A(n) := Γ(X(n),OX(n)), identifies with the relative cotangent complex of the natural morphism
B → Sym≤n(LA/B [−1]),
produced by induction and the naturality of the construction. Moreover, thanks to [GR17b, §9.5.5] the relative
cotangent complex
LSym≤n(LA/B [−1])/B ∈ Coh+(Sym≤n(LA/B [−1])),
is equipped with a decreasing filtration, starting in degree n, whose n-th piece identifies with
Symn+1(LA/B [−1])[1] ∈ Coh+(Sym≤n(LA/B [−1])).
For this reason, the derivation
LA(n) → LA(n)/B → Symn+1(LA/B [−1])[1],
identifies with the natural derivation
LSym≤n(LA/B [−1])[1])/B → Symn+1(LA/B [1]),
classifying the extension
Symn+1(LA/B [−1])→ Sym≤n+1(LA/B [−1])→ Sym≤n(LA/B [−1]).
The claim now follows by induction on n ≥ 0. As a consequence of the previous considerations we deduce that
Γ((X(n))λ, (OX(n))λ) ' Γ((X(n))0, (OX(n))0),
for every λ ∈ A1k, and therefore we have natural equivalences
B∧I ' dRA/B and B/FilnH ' dRA/B/FilnH ,
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in CAlgk, as desired. We now prove statement (1) of the Proposition. Assume first that A and B are ordinary
k-algebras and the (classical) ideal I ⊆ B is generated by a regular sequence. In this case, we have an
identification
LA/B ' I/I2[1],
see for instance [Sta13, Tag 08SJ]. In particular, the n-th graded piece of the Hodge filtration in Proposition 3.4
(3) can be identified with
Symn(LA/B [−1]) ' In/In+1,
where the latter equivalence follows again by the fact that I is generated by a regular sequence in pi0(B). In
particular, we deduce, by induction on n ≥ 1, a natural identification between the fiber sequence
Symn+1(LA/B [−1])→ Sym≤n+1(LA/B [−1])→ Sym≤n(LA/B [−1]),
and the the I-adic one
In/In+1 → B/In+1 → B/In,
as B-modules. By naturality of [GR17b, Theorem 9.5.1.3] and induction on n ≥ 1 it follows that we have
natural identifications
X(n) ' Spec(A/In+1),
of affine derived schemes, as desired. The assertion in general follows along the same reasoning noticing that
LA/B ∈ ModA,
is concentrated in homological degrees [1, 0]. 
Remark 3.9. It follows from [GR17b, §9, Theorem 5.5.4], that in the situation of Proposition 3.8, the natural
composite morphism
Symn(LA/B [−1])→ Sym≤n(LA/B [−1])→ Symn+1(LA/B [−1]),
corresponds to the usual de Rham differential, where Sym≤n(LA/B[−1])→ Symn+1(LA/B[−1]) classifies the
natural extension
Symn+1(LA/B [−1])→ Sym≤n+1(LA/B [−1])→ Sym≤n(LA/B [−1]),
associated to the n-th piece of the Hodge filtration,
Remark 3.10. Let f : X → Y be a closed immersion of affine derived schemes. Let A := Γ(X,OX) and
B := Γ(Y,OY ). In [Bha12, Proposition 4.16], the author proves a similar statement to Proposition 3.8. It turns
out that both filtrations on B∧I agree in the case of [Bha12] or in the situation of [GR17b, §9]. A comparison
can be stated as follows: it is immediate that both the filtrations of Bhatt and Gaitsgory-Rozemblyum on B∧I ,
denoted respectively
FilnB and FilnH ,
agree in the case where f is a local complete intersection morphism. Moreover, it follows from the fact that the
cotangent complex commutes with sifted colimits that, for each n ≥ 0, the natural morphisms
Sym≤n(LA/B [−1])→ Symn+1(LA/B [−1])[1] (3.3)
are stable under sifted colimits as well. Consider the simplicial model structure in the simplicial category of
pairs (A, I) where A is a simplicial k-algebra and I ⊆ A a simplicial ideal given by the description: a pair
(A, I) is a fibration (resp., trivial fibration) if and only if both A and I are simultaneously fibrations (resp.,
trivial fibrations) of simplicial sets. Moreover, the cofibrant objects correspond to pairs (P, J) where, for each
[n] ∈∆, Pn is a polynomial k-algebra on a set Xn and Jn an ideal defined by a subset Yn ⊆ Xn, both preserved
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by degeneracies and the relative situation. The ∞-categorical localization at the class of weak equivalences
agrees furthermore with the ∞-category Funclosed(∆1,CAlgk). In particular, considering a simplicial resolution
(P•, I•) for the morphism B → A consisting of polynomial algebras and regular ideals we deduce that
FilnH ' FilnB , for n ≥ 0,
in the general case, as well.
3.2. The construction of the deformation in the affinoid case. Consider the object
Ban,•scaled : ∆op → (dAnStk)/A1k ,
obtained as the analytification of the simplicial object B•scaled ∈ Fun(∆op,dStlaftk ) described in the previous
section.
Our goal in this section, is to construct the deformation to the normal cone in the non-archimedean setting,
in the case where Y is derived k-affinoid. We shall further assume that
f : X → Y,
exhibits X as an analytic formal moduli problem over Y . In particular, X admits a deformation theory and we
can consider the relative cotangent complex
LanX/Y ∈ Props(Coh+(X)).
Definition 3.11. We define the parametrized non-archimedean deformation to the normal bundle via the
pullback diagram
D
an,•
X/Y Y ×A1k
Map/A1
k
(Ban,•scaled, X ×A1k) Map/A1k(B
an,•
scaled, Y ×A1k)
,
computed in the ∞-category Fun(∆op,dAnStk).
Remark 3.12. As in the algebraic case, the object Ban,•scaled admits a left-lax action of the multplicative monoid
A1k ∈ dAnStk. This action induces a natural left-lax action of A1k on the deformation Dan,•X/Y , as well.
Remark 3.13. It follows immediately from the definition of Dan,•X/Y that the latter commutes with filtered colimits
in X ∈ dAnStk. Moreover, Proposition 2.45 implies that the natural morphism
colim
S∈(AnNilcl
/X
)/Y
D
an,•
S/Y → Dan,•X/Y ,
is an equivalence in dAnStk. For this reason, we will often reduce the construction to the case where f : X → Y
is a nil-isomorphism of derived k-affinoid spaces.
Remark 3.14. Let f : X → Y be a nil-isomorphism in the∞-category dAfdk. Then we can consider the diagram
idY : Y → X
⊔
Xred
Y → Y,
which exhibits (X f−→ Y ) as a retrat of the induced morphism (X g−→ X unionsq
Xred
Y ), both regarded as objects in
AnFMPX/. In this case, it follows by the naturality of the parametrized Hodge filtration that we have a retract
diagram
D•X/Y → D•X/X ⊔
Xred
Y
→ D•X/Y ,
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of simplicial objects in AnFMPX×A1
k
/. This observation will allow us to perform reduction arguments by
replacing the nil-isomorphism f : X → Y by the nil-embedding g : X → X unionsq
Xred
Y .
Let f : X → Y be a nil-isomorphism in the ∞-category dAfdk. Thanks to [PY20, Lemma 6.9.], we deduce
that the induced morphism
falg : Xalg → Y alg,
is again a nil-isomorphism of affine derived schemes. We shall need a few preparations:
Lemma 3.15. Let Y ∈ dAfdk and (f : X → Y ) ∈ AnFMP/Y . Then one has a natural equivalence
(falg)anY ' f,
in the ∞-category Fun(∆op,dAfdk).
Proof. The statement of the Lemma is a direct consequence of [PY20, Theorem 6.12]. 
Lemma 3.16. Let falg : Xalg → Y alg be a closed embedding of derived schemes. There exists a filtered
∞-category I and a diagram
F : Iop → Fun(∆1,dAff laftk ),
such that, for each α ∈ I, we have that
F (α) := (fα : Xα → Yα),
is a closed immersion in the ∞-category dAff laftk and such that
f ' lim
Iop
F,
in the ∞-category Fun(∆1,dAffk).
Proof. Consider the full subcategory Funclosed(∆1,CAlgk) ⊆ Fun(∆1,CAlgk) spanned by morphisms A→ B
such that the induced homomorphism of ordinary rings
pi0(A)→ pi0(B),
is surjective. As in the proof of Proposition 3.4 the ∞-category Funclosed(∆1,CAlgk) is obtained as an ∞-
categorical localization at weak equivalences of the simplicial model category whose objects correspond to
pairs (C, I) where C is a simplicial k-algebra and I ⊆ C a simplicial ring. Moreover, thanks to [Qui67, §2 IV,
Theorem 4] it follows that finite projective generators in the latter correspond to pairs of the form (P, I) where
P is some polynomial algebra in a finite number of generators (concentrated in non-negatively homologically
degrees) and I an ideal spanned by a regular sequence.
In particular, finite projective generators in Funclosed(∆1,CAlgk) correspond to morphisms g : P → Q where
P is a finite free derived k-algebra and the morphism g is a complete intersection morphism. As in the proof of
[Lur12b, Proposition 8.2.5.27] we then deduce that the∞-category Funclosed(∆1,CAlgk) is compactly generated
by morphisms g : P → Q which can be obtained from finite projective generators via a finite sequence of retracts
and finite colimits.
Arguing as in [Lur12b, Proposition 8.2.5.27], we are able to describe the set of compact generators of
Funclosed(∆1,CAlgk): they correspond to locally of finite presentation morphisms between locally finite
presentation derived k-algebras. In particular, we can find a presentation of
falg : Xalg → Y alg,
by closed immersions between almost finite presentation affine derived schemes
fα : Xα → Yα, for α ∈ Iop,
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where I is a filtered ∞-category, as desired. 
Remark 3.17. Let f : X → Y be a nil-embedding in the ∞-category dAfdk. Find a presentation of falg by
closed immersions between almost of finite presentation affine derived schemes of the form
lim
α∈Iop
(fα : Xα → Yα).
Consider the object D•Xalg/Y alg ∈ Fun(∆op,dAffk) as in Construction 3.1. It is clear from the descritption of
D•Xalg/Y alg given in Construction 3.1 combined with Remark 3.5 that one has a natural equivalence of derived
stacks
D•Xalg/Y alg ' lim
α∈Iop
D•
Xalgα /Y
alg
α
,
in the ∞-category Fun(∆op,dStk).
Lemma 3.18. Let Y ∈ dAfdk. Consider a morphism f : X → Y in dAnStk which exhibits X as an analytic
formal moduli problem over Y . Then one has a natural equivalence
θX/Y : Dan,•X/Y ' (D•Xalg/Y alg)anY ,
where (−)anY denotes the relative analytification with respect to Y .
Proof. We first observe that both Dan,•X/Y and (D•Xalg/Y alg)anY are stable under filtered colimits in X. For this
reason, we reduce ourselves to the case where f : X → Y itself is a nil-isomorphism in the ∞-category dAfdk.
Similarly, θX/Y is stable under retracts. Therefore, we are allowed to replace the morphism X → Y by
X → Y
⊔
Xred
X,
and therefore assume that f : X → Y is a nil-embedding. As in Lemma 3.16, write the nil-embedding between
affine derived schemes
f : Xalg → Y alg,
as a cofiltered limit of closed immersions
lim
α∈Iop
fα : lim
α∈Iop
Xalgα → lim
α∈Iop
Y algα ,
where for each index α ∈ I, both Xα and Yα are affine derived schemes almost of finite presentation. Since the
natural projection morphism
B•scaled → A1k,
where A1k is considered as a constant simplicial object in dStk, is a proper morphism, we deduce from [HP18,
Theorem 6.13] that for every α, the natural morphisms
Map/A1
k
(B•scaled, Xalgα × A1k)an →Map/A1
k
(B•,anscaled, (Xalgα )an ×A1k)
Map/A1
k
(B•scaled, Y algα × A1k)an →Map/A1
k
(B•,anscaled, (Y algα )an ×A1k)
are equivalences in the ∞-category dAnStk. Therefore, the natural morphism
(D•
Xalgα /Y
alg
α
)an → D•,an
(Xalgα )an/(Y algα )an
,
is an equivalence in the ∞-category dAnStk. Observe further that for every α ∈ A the mapping stacks
Map/A1
k
(B•scaled, Xalgα × A1k) and Map/A1
k
(B•scaled, Y algα × A1k)
are affine schemes and therefore it follows by the construction of the analytification functor
(−)an : dAffk → dAnStk,
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as a right Kan extension of the usual analytification functor
(−)an : dAff laftk → dAnk,
that we have natural equivalences
(lim
α
Map/A1
k
(B•scaled, Xalgα × A1k))an 'Map/A1
k
(B•,anscaled, (X
alg)anY ×A1k)
(lim
α
Map/A1
k
(B•scaled, Y algα × A1k))an 'Map/A1
k
(B•,anscaled, (Y
alg)anY ×A1k).
in the ∞-category (dAnStk)X×A1//Y×A1
k
. The result now follows from the existence of a commutative cube
(D•Xalg/Y alg)anY Y ×A1k
(D•Xalg/Y alg)an (Y alg × A1k)an
Map/A1
k
(B•, X ×A1k) Map/A1k(B
•, Y ×A1k)
Map/A1
k
(B•, (Xalg)an ×A1k) Map/A1k(B
•, (Y alg)an ×A1k)
whose top and front squares are fiber products in dAnStk, and thus so it is the back square, as desired. 
Corollary 3.19. With notations as above, one has a canonical equivalence
(D•,anX/Y )0 ' (Tan,•X/Y )∧,
where the latter denotes the commutative group object associated to the formal completion of the tangent bundle
of f along the zero section s0 : X → Tan,•X/Y .
Proof. The result follows from [GR17b, Proposition 9.2.3.6] combined with the fact that relative analytification
commutes with tangent bundles and formal completions, see the proof of [HP18, Lemma 5.31] and [HP18,
Corollary 5.20]. 
The following result is an immediate consequence of Lemma 3.18:
Lemma 3.20. For each [n] ∈∆, the object Dan,[n]X/Y ∈ (dAnStk)X×A1k//Y×A1k admits a deformation theory.
Proof. We shall prove that each component of the simplicial object
D
an,•
X/Y ∈ Fun(∆op,AnFMPX×A1k//Y×A1k),
admits a deformation theory. By [GR17b, Lemma 2.3.2], it follows thatD•Xalg//Y alg is an object in FMPXalg//Y alg .
The result now follows by applying the relative analytification functor (−)anY together with [PY20, Proposition
6.10]. 
Remark 3.21. Let (X f−→ Y ) ∈ AnFMP/Y , with Y ∈ dAfdk. It follows immediately from Lemma 3.20 that the
datum
(X ×A1k → D•,anX/Y → Y ×A1k) ∈ (dAnStk)X×A1k//Y×A1k ,
belongs to the full subcategory AnFMPX×A1
k
//Y×A1
k
.
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Construction 3.22. The ∞-category AnFMPX×A1
k
//Y×A1
k
is presentable and in particular it admits sifted
colimits. Thanks to Lemma 3.20, we can consider the object
DanX/Y := colim
∆op
D
an,•
X/Y ∈ AnFMPX×A1k//Y×A1k .
Similarly, we consider the sifted colimit
DXalg/Y alg := colim
∆op
D•Xalg/Y alg ∈ FMPXalg×A1k//Y alg×A1k ,
computed in the ∞-category FMPXalg×A1
k
//Y alg×A1
k
. We can consider the latter as an object in
DXalg/Y alg ∈ dStXalg×A1
k
//Y alg×A1
k
,
and therefore consider its relative analytification (DXalg/Y alg)anY ∈ dAnStXalg×A1k//Y alg×A1k . Thanks to
Lemma 3.18 it follows that we have a natural morphism
θX/Y : DanX/Y → (DXalg/Y alg)anY ,
in the ∞-category (dAnStk)X×A1
k
//Y×A1
k
.
Our next goal is to prove that the morphism θX/Y is an equivalence of deformations. In order to prove the
latter statement, we shall need a preliminary lemma:
Lemma 3.23. Let f : X → Y be a nil-embedding in the ∞-category dAfdk. Consider approximation of the
nil-embedding morphism falg
lim
α∈Iop
fα : lim
α∈Iop
Xα → lim
α∈Iop
Yα,
as in Lemma 3.16. Then, we have a natural morphism of the form
θ : DXalg/Y alg → lim
α∈Iop
DXα/Yα , (3.4)
which is furthermore an equivalence in the ∞-category AnFMPX×A1
k
/Y alg×A1
k
Proof. It is clear that the natural morphisms Xα → DXα/Yα assemble into a morphism
Xalg ' lim
α∈Iop
Xα → lim
α∈Iop
DXα/Yα ,
which admits a deformation theory, therefore the morphism
Xalg → lim
α∈Iop
DXα/Yα ,
exhibits limα∈Iop DXα/Yα as an object in the ∞-category FMPXalg×A1k/. Notice that Theorem 2.65 holds true
in this setting, proved in an analogous way, to provide us with an equivalence of ∞-categories
BX(•) : FGrpd(Xalg × A1k)→ FMPXalg×A1k/,
where FGrp(Xalg × A1k) denotes the ∞-category of formal groupoids over Xalg × A1k ∈ dStk. For this reason,
we are reduced to show the existence of a natural equivalence between formal groupoids over Xalg × A1k,
D•Xalg/Y alg ' X×limαDXα/Yα •,
where the right hand side denotes the Čech nerve of the morphism X → limαDXα/Yα . Since limits commute
with limits in the ∞-category dAnStk, we obtain a chain of natural equivalences of the form
(Xalg)×limαDXα/Yα • ' lim
α
(
X
×DXα/Yα •
α
)
' lim
α
D•Xα/Yα
' D•Xalg/Y alg ,
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in the ∞-category FGrp(X). Only the the second equivalence needs a justification: for each α ∈ I, we have
natural identifications
DXα/Yα ' BXα(D•Xα/Yα),
by construction, where BXα(−) is as in [GR17b, §5.2]. Therefore, we deduce by adjunction that
X
×DXα/Yα • ' D•Xα/Yα ,
is an equivalence in the ∞-category FGrpd(Xα), as well. The proof is thus concluded. 
The following result implies that the relative analytification commutes with the deformation to the normal
bundle:
Proposition 3.24. The natural morphism of (3.4),
θX/Y : DanX/Y → (DXalg/Y alg)anY ,
is an equivalence of derived k-analytic stacks.
Proof. Since the morphism θX/Y commutes with filtered colimits in X, we reduce the statement of the
Proposition to the case where X ∈ AnNil/Y . In this case, we have that Y ×A1k ∈ AnFMPX×A1k/. By naturality
of the morphism θX/Y we are allowed to prove the statement of the Proposition up to a retract. For this reason,
we can replace Y by Y unionsq
Xred
X and therefore assume that f : X → Y is a nil-embedding. Consider now the
relative analytification functor
(−)anY : FMP/Y alg×A1k → AnFMP/Y×A1k ,
introduced in [PY20, §6.1]. Thanks to [PY20, Theorem 6.12] the natural functor displayed above is an
equivalence of ∞-categories. Observe further that we have a well defined functor
(−)anY : FMPXalg×A1k//Y alg×A1k → AnFMPX×A1k//Y×A1k , (3.5)
induced by the usual relative analytification functor. Indeed, we have that
X ×A1k ' (Xalg)anY ×A1k,
as the pair((−)alg, (−)anY ) forms an equivalence itself. It is further clear that (3.5) is an equivalence of ∞-
categories as well. In particular, it commutes with all small colimits. Therefore, we have a chain of natural
equivalences
(DXalg/Y alg)anY ' (colim
∆op
D•Xalg/Y alg)anY
' colim
∆op
(D•Xalg/Y alg)anY
' colim
∆op
D
an,•
X/Y ,
in AnFMPX×A1
k
//Y×A1
k
, thanks to Proposition 3.24. The conclusion now follows from the observation that the
forgetful functor
AnFMPX×A1
k
//Y×A1
k
→ AnFMPX×A1
k
/,
commutes with colimits and it is moreover conservative, thus it reflects sifted colimits. 
Lemma 3.25. Consider the natural projection morphism
q : DanX/Y → A1k.
Then its fiber at λ 6= 0 coincides with the formal completion
Y ∧X ,
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and its fiber at {0} ⊆ A1k with the completion of the shifted tangent bundle TanX/Y [1] along the zero section
s0 : X → TanX/Y [1].
Proof. The above assertions follow immediately from Proposition 3.24, Corollary 3.19 and Proposition 3.4. 
Construction 3.26. Let Y ∈ dAfdk and (X f−→ Y ) ∈ AnFMP/Y . Denote by g : U → Y a morphism in dAfdk.
Consider the pullback diagram
XU U
X Y,
f
computed in the ∞-category dAfdk. It follows from the definitions that the morphism XU → U admits a
deformation theory and that we have a natural pullback square of simplicial objects
D
an,•
XU/U
D
an,•
X/Y
U Y,
in the ∞-category dAnStk. For this reason, we obtain a natural commutative diagram
DanXU/U D
an
X/Y
U Y,
in the ∞-category dAnStk. Similarly, [PY18b, Proposition 3.17] implies that we have a pullback diagram
XalgU U
alg
Xalg Y alg
falg
,
in the ∞-category dAffk. Reasoning as above, we have a natural commutative square
DXalg
U
/Ualg DXalg/Y alg
Ualg Y alg,
in the ∞-category dStk.
Proposition 3.27. The commutative square
DanXU/U D
an
X/Y
U Y,
of Construction 3.26, is a pullback square in the ∞-category dAnStk.
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Proof. Since the pullback diagram above is preserved under filtered colimits in X, we can assume without loss
of generality that f : X → Y is a nil-isomorphism. Similarly, we are allowed to replace the retract : X → Y by
the nil-embedding
g : → X → Y
⊔
Xred
X.
In order to show the assertion of the proposition, we are reduced to show that the natural morphism
DanXU/U → DanX/Y ×Y U,
is an equivalence in the ∞-category AnFMPXU//U . Moreover, Proposition 3.24 reduce us to show that the
natural morphism
DXalg
U
/Ualg → DXalg/Y alg ×Y alg Ualg,
is an equivalence in dStk (see also Proposition 3.24). Moreover, Lemma 3.23 allows us to perform Noetherian
approximation on the nil-isomorphism falg : Xalg → Y alg. For this reason, we can find an approximation of the
morphism f : Xalg → Y alg an approximation of the form
lim
α∈Iop
(fα : Xα → Yα),
where I is a filtered ∞-category and for each α ∈ I, the morphism fα is a closed immersion of affine derived
schemes almost of finite presentation over k. Similarly, find an almost of finite presentation approximation
Ualg ' lim
β∈Jop
Uβ .
By almost finite presentation we deduce that for every α ∈ I there exists an index β(α) ∈ J such that the
composite
Ualg → Y alg → Yα, (3.6)
factors as
Ualg → Uβ(α) → Yα,
for a well defined morphism Uβ(α) → Yα in dAff laftk . Let K denote the filtered subcategory of the product I × J
spanned by those pairs (α, β) ∈ I × J such that the composite displayed in (3.6) factors as Uβ → Yα. We thus
have that the morphism
Ualg → Y alg,
can be written as lim(γ1,γ2)∈K(Uγ1 → Yγ2). For each (γ1, γ2) ∈ K consider the deformations to the normal
bundle
DXγ2/Yγ2 and DXUγ2 /Uγ2 ,
where XUγ2 is defined as the pullback of the diagram
Uγ1 → Yγ2 ← Xγ2 .
We claim that for each (γ1, γ2) ∈ K, we have a natural equivalence
DXUγ1 /Uγ1
' DXγ2/Yγ2 ×Yγ2 Uγ1 ,
of derived k-stacks almost of finite presentation. Indeed, by conservativity of the relative tangent complex, c.f.
[GR17b, §5, Theorem 2.3.5], it suffices to show that
TXUγ1 /DXUγ1 /Uγ1
→ TXUγ1 /DXγ2/Yγ2×Yγ2Uγ1 ,
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is an equivalence in the ∞-category IndCoh(XUγ1 ). Thanks to [GR17b, §5, Corollary 2.3.6], we are reduced to
show that the natural morphism of simplicial objects
{TXUγ1 /D•XUγ1 /Uγ1
} → {TXUγ1 /D•Xγ2/Yγ2×Yγ2Uγ1},
is an equivalence in Fun(∆op, IndCoh(XUγ1 )). The latter assertion further reduce us to show that the
commutative diagram
D•XUγ1 /Uγ1
D•Xγ2/Yγ2
Uγ1 Yγ2
is a pullback diagram component-wise in dAff laftk . By unwinding the definitions, it suffices to prove that the
commutative diagram of simplicial objects
Map/A1
k
(B•scaled, XUγ1 ×A1k) Map/A1k(B
•
scaled, Uγ1 ×A1k))
Map/A1
k
(B•scaled, Xγ2 ×A1k) Map/A1k(B
•
scaled, Yγ2 ×A1k))
is a pullback square. But the latter assertion is obvious as derived k-analytic mapping stacks commute with
fiber products in dAnStk. 
3.3. Gluing the Deformation. In this §, we globalize the results proved so far in §3.2. Let f : X → Y be a
morphism of locally geometric derived k-analytic stacks. Consider as before the deformation to the normal
bundle of the morphism f constructed via the pullback diagram
D
an,•
X/Y Y
∧
X ×A1k
Map/A1
k
(Ban,•scaled, X ×A1k) Map/A1k(B
an,•
scaled, Y
∧
X ×A1k),
in the ∞-category dAnStk. As in the previous §, one can show that the simplicial object
D
an,•
X/Y ∈ AnFMPX×A1k//Y ∧X×A1k .
Let now g : U → Y ∧X be a morphism in dAnStk, where U ∈ dAfdk. Consider the pullback diagram
XU X
U Y ∧X ,
g′
f
g
in the ∞-category dAnStk. We have:
Lemma 3.28. The morphism XU → U admits a deformation theory, and thus exhibits XU as an object in
AnFMP/U .
Proof. It is clear that XU is both nilcomplete and infinitesimally cartesian as a derived k-analytic stack. It
suffices thus to show that the structural morphism XU → U admits a cotangent complex. We claim that
LXU/U identifies with
(g′)∗LX/Y ∈ Coh+(XU ).
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Indeed, let Z → XU be any morphism with h : Z ∈ dAfdk. Then we obtain that
h∗(g′)∗LX/Y ' (g′ ◦ h)∗(LX/Y ),
in Coh+(Z), which corepresents the functor
DerX/Y (Z,−) : Coh+(Z)→ S,
see [PY17, Definition 7.6] for the definition of the latter. Since fiber products commute with fibers, we have a
natural identification
DerXU (Z,−) ' DerX(Z,−)×DerY (Z,−) DerU (Z,−).
We thus conclude that
DerXU/U (Z,−) ' fib
(
DerXU (Z,−)→ DerU (Z,−)
)
,
identifies naturally with
DerX/Y (Z,−) ' fib
(
DerX(Z,−)→ DerY (Z,−)
)
.
The claim of the lemma now follows from the fact that DerX/Y (Z,−) : Coh+(Z) → S is corepresentable by
h∗(g′)∗LX/Y , as desired. 
Thanks to the above lemma we conclude that the canonical map XU → U exhibits XU as an analytic formal
moduli problem over U . We are thus in the case of the previous section. The following result implies that the
deformation to the normal bundle in the non-archimedean setting glues:
Proposition 3.29. The simplicial object
D
an,•
X/Y : ∆
op → AnFMPX//Y ,
admits a colimit DanX/Y ∈ AnFMPX/.
Proof. Let (Y ∧X )afd denote the ∞-category consisting of morphisms
U → Y ∧X ,
where U is a derived k-affinoid space. We have a natural equivalence of ∞-categories
Ψ: (dAnStk)/Y → lim
U∈(Y ∧
X
)afd
(dAnStk)/U .
We deduce from the construction of Dan,•X/Y that the simplicial object D
an,•
X/Y satisfies
Ψ(Dan,•X/Y ) ' {Dan,•XU/U}
∈ lim
U∈(Y ∧
X
)afd
(dAnStk)/U .
For each U ∈ (Y ∧X )afd the ∞-categories AnFMPXU//U are presentable. For this reason, we can consider the
geometric realization
DanXU/U ∈ AnFMPXU/U ,
for every [n] ∈∆. Thanks to Proposition 3.27 we deduce that the above deformations glue to form a uniquely
defined object
DanX/Y ∈ dAnStk,
satisfiying the relation
Ψ(DanX/Y ) ' {DanXU/U}
∈ lim
U∈(Y ∧
X
)afd
(dAnStk)/U .
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It is clear from the definitions that DanX/Y ∈ AnFMPX//Y . We claim that the latter is a colimit of the diagram
D
an,•
X/Y .
We need to show that for every Z ∈ AnFMPX//Y together with a morphism
D
an,•
X/Y → Z,
then there exists a uniquely defined (up to a contractible space of choices) morphism
DanX/Y → Z,
in the ∞-category AnFMPX//Y . Moreover, we are reduced to check this property after base change along any
U → Y ∧X , in which case the assertion follows immediately from the construction. 
Definition 3.30. Let f : X → Y be a morphism of locally geometric derived k-analytic stacks. Then the
deformation to the normal bundle associated to f is by definition the object DX/Y ∈ AnFMPX×A1
k
//Y×A1
k
, as
in Proposition 3.29.
3.4. The Hodge filtration. Let f : X → Y be a morphism between locally geometric derived k-analytic
stacks. In this §, we will describe the construction of the Hodge filtration on the deformation to the normal
bundle DanX/Y associated to f . We first deal with the k-affinoid case:
Construction 3.31. Let f : X → Y be a nil-embedding in the∞-category dAfdk. Consider the induced morphism
falg : Xalg → Y alg,
where Xalg = SpecA and Y alg = SpecB, with
A := Γ(X,OalgX ) and B := Γ(Y,O
alg
Y ).
The morphism falg is a nil-embedding of affine derived schemes (combined [PY20, Lemma 6.9] and [PY18b,
Proposition 3.17]). Consider then the nil-embedding
g := falg × idA1
k
: X × A1k → Y × A1k,
in dAffk. By Noetherian approximation, we can write g as an inverse limit of the form
lim
α∈Iop
gα : lim
α∈Iop
Xα × A1k → lim
α∈Iop
Yα × A1k,
where I is a filtered ∞-category and for each index α ∈ I, we have that
gα : Xα × A1k → Yα × A1k,
is a closed immersion in the ∞-category dAff laftk . Fix some α ∈ I. Thanks to Proposition 3.4, there exists a
sequence of square-zero extensions of the form
Xα × A1k = X(0)α ↪→ X(1)α ↪→ · · · ↪→ X(n)α ↪→ · · · → Yα × A1k,
such that each term comes equipped with a natural left-lax action of multiplicative monoid A1k ∈ dStk.
Lemma 3.32. Let n ≥ 0, and let α→ β be a morphism in Iop. Then the transition morphism
Xα × A1k → Xβ × A1k,
lifts to a well defined induced morphism
X(n)α → X(n)β ,
in dAff laftk .
Proof. The result follows immediately from the naturality of the construction in [GR17b, §9.5.1]. 
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We now introduce the (algebraic) Hodge filtration associated with the closed immersion falg : Xalg → Y alg:
Definition 3.33. Let f : X → Y be a nil-isomorphism in the ∞-category dAfdk. Consider the morphism
g := f × id : Xalg × A1k → Y alg × A1k above. Lemma 3.32 implies that for each n ≥ 0, we have a well defined
object
Xalg,(n) := lim
α∈Iop
X(n)α ∈ dAffk,
which fits into a sequence of square-zero extensions
X × A1k = Xalg,(0) ↪→ Xalg,(1) ↪→ · · · ↪→ Xalg,(n) ↪→ · · · → Y alg,
in dAffk. We shall refer to the sequence of the Xalg,(n) as the algebraic Hodge filtration associated to the
morphism falg. In the more general case, where f : X → Y exhibits X as an analytic formal moduli problem
we define, for each n ≥ 0, the n-th piece of the Hodge filtration as
X(n) := colim
S∈(AnNilcl
X//Y
)
Salg,(n),
the filtered colimit being computed in the ∞-category AnFMPX×A1
k
/.
Construction 3.34. Let f : X → Y be a nil-embedding in the ∞-category dAfdk. It follows from Proposition 3.4
(4) that we have a natural morphism
θX/Y : colim
n≥0
Xalg,(n) → lim
α∈Iop
DXα/Yα (3.7)
' DXalg/Y alg , (3.8)
in the ∞-category FMPX×A1
k
//Y×A1
k
. Passing to filtered colimits we produce a natural morphism as in (3.7) in
the case where (X f−→ Y ) ∈ AnFMP/Y and Y ∈ dAfdk.
The following result implies that the Hodge filtration associated to falg does not depend on choices:
Proposition 3.35. Let (X f−→ Y ) ∈ AnFMP/Y and Y ∈ dAfdk. Then the natural morphism
θX/Y : colim
n≥0
Xalg,(n) → DXalg/Y alg ,
is an equivalence of derived k-stacks.
Proof. Since both sides of θX/Y are stable under filtered colimits it suffices to treat the case where f : X → Y is
a nil-isomorphism of derived k-affinoid spaces. We observe that X → Y exhibits Y as a retract of the morphism
X → X
⊔
Xred
Y.
Since θX/Y is stable under retracts, we are further reduced to the case where f is a nil-embedding. In this case,
the relative cotangent complex
LXalg/Y alg ' LanX/Y ,
is 1-connective, see [PY20, Lemma 6.9]. The proof of Lemma 3.16 allow us to produce a presentation
lim
α∈Iop
(fα : Xα → Yα),
of the morphism falg by closed immersions fα : Xα → Yα of affine derived schemes almost of finite presentation
parametrized by a filtered ∞-category I. The proof of Proposition 3.8, implies that, for each α ∈ I, the natural
morphism
X(n)α → X(n+1)α ,
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exhibits X(n+1)α as a square-zero extension of X(n)α via a natural morphism
L
X
(n)
α
→ in,∗ Symn+1(LXα/Yα [−1])[1],
in the ∞-category Coh+(X(n)α ). In particular, we deduce that, for each n ≥ 0, the natural morphisms
Xα × A1k → X(n)α ,
are nil-embeddings of affine derived schemes and so are the natural morphisms
Xalg × A1k → Xalg,(n).
We are now able to show that θX/Y is an equivalence in the ∞-category dStk. Thanks to [Lur18, Corollary
4.4.1.3] combined with [Lur18, Corollary 4.5.1.3], the relative cotangent complex satisfies
LXalg×A1
k
/X(n) ' colim
α∈I
h∗αLXα×A1k/X(n)α ,
in the ∞-category QCoh(Xalg × A1k), where hα : X → Xα denotes the corresponding transition morphisms.
Similarly, we have that
LXalg×A1
k
/Y×A1
k
' colim
α∈I
h∗αLXα×A1k/Yα×A1k ,
in the ∞-category QCoh(Xalg ×A1k). Moreover, the latter equivalences are compatible with the left-lax actions
of the multiplicative monoid A1k ∈ dStk on
Xalg,(n) and X(n)α , for each α ∈ I,
over Xalg × A1k (resp. Xα × A1k). Let λ ∈ A1k be such that λ 6= 0. By passing to Serre duals, we deduce from
Proposition 3.8 that, for each α ∈ I and n ≥ 0, the morphism
L(X(n)α )λ → Sym
n+1(LXα/Yα [−1])[1], (3.9)
classifies the square-zero extension associated to the fiber sequence
Symn+1(LXα/Yα [−1])→ Sym≤n+1(LXα/Yα [−1])→ Sym≤n(LXα/Yα [−1]).
Since (3.9) are stable under filtered colimits, we deduce, for each n ≥ 0, that the morphism
LXalg,(n) → Symn+1(LXalg/Y alg [−1])[1],
classifies the square-zero extension given by
Symn+1(LXalg/Y alg [−1])→ Sym≤n+1(LXalg/Y alg [−1])→ Sym≤n(LXalg/Y alg [−1]).
Thanks to [GR17b, §9.5.5.2] combined with an analogous Noetherian approximation reasoning as the one
employed before we obtain a natural equivalence
Lcolimn≥0Xalg,(n)λ ' LXalg/Y alg .
In particular, thanks to the algebraic version of Proposition 2.36 we deduce that the natural morphism
colim
n≥0
Xalg,(n) → DXalg/Y alg ,
is an equivalence in FMPXalg , for any λA1k such that λ 6= 0. For λ = 0, the precise same reasoning applies using
[GR17b, §9, Theorem 5.5.4] for the case of vector groups. The proof is thus concluded. 
We now introduce the non-archimedean Hodge filtration:
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Definition 3.36. Let Y ∈ dAfdk and (X f−→ Y ) ∈ AnFMP/Y . For each n ≥ 0, we define the square-zero
extension
X ×A1k ↪→ X(n),
as the relative analytification, (−)anY , of the square-zero extension
Xalg × A1k ↪→ Xalg,(n),
introduced in Definition 3.33. By construction, for each n ≥ 0, we have structural morphisms
X(n) → Y ×A1k.
We shall refer to the sequence
X ×A1k := X(0) ↪→ X(1) ↪→ · · · ↪→ X(n) ↪→ · · · → Y ×A1k,
as the non-archimedean Hodge filtration associated to the morphism f .
Putting together the above results we can easily deduce:
Corollary 3.37. There exists a natural morphism
colim
n≥0
X(n) → DanX/Y ,
which is furthermore an equivalence in the ∞-category AnFMPX×A1
k
//Y×A1
k
.
Proof. Since the natural functor
AnFMPX×A1
k
//Y×A1
k
→ (dAnStk)X×A1
k
//Y×A1
k
,
commutes with filtered colimits, we are reduced to prove the statement of the Corollary in the ∞-category
(dAnStk)X×A1
k
//Y×A1
k
. The result is now an immediate consequence of Proposition 3.24 and the fact that
relative analytification commutes with filtered colimits (as it is defined as left Kan extension). 
Corollary 3.38. Let f : X → Y be a closed immersion of derived k-affinoid spaces. Denote by A := Γ(X,OalgX )
and B := Γ(Y,OalgY ) and I := fib(B → A). Then the Hodge filtration on DanX/Y induces a natural filtration on
B∧I , {Fil
n,an
H }n≥0, together with natural equivalences
B/FilnH ' Sym≤n,an(LanX/Y [−1]),
in the ∞-category CAlgk.
Proof. The claim of the proof follows from Proposition 3.8 (2) combined with Noetherian approximation and
the fact that the relative analytification functor sends the relative cotangent complex LX/Y to LanX/Y , c.f. [PY17,
Theorem 5.21]. 
We now globalize the Hodge filtration to geometric derived k-analytic stacks:
Construction 3.39. Let f : X → Y be a morphism of locally geometric derived k-analytic stacks. Consider the
formal completion
X → Y ∧X → Y,
of the morphism f . Let
g : U → Y ∧X ,
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be a morphism in the ∞-category dAnStk, such that U ∈ dAfdk. Form the pullback diagram
XU U
X Y ∧X
f
in dAnStk. Let V → U be a morphism of derived k-affinoid spaces. Consider the pullback diagram
XV XU
V U,
in the ∞-category dAfdk. By naturality of the Hodge filtration we deduce that, for each n ≥ 0, we have natural
commutative diagrams
X
(n)
V X
(n)
U
V U,
(3.10)
of the n-th pieces of the Hodge filtrations on DXU/U and DXV /V , respectively.
Lemma 3.40. The commutative square in (3.10) is a pullback square in the ∞-category dAfdk.
Proof. As in the proof of Proposition 3.35, we can reduce the statement to the case where XU → U is a
nil-embedding in the ∞-category dAfdk in which case so it is XV → V . Thanks to Lemma 3.15 it suffices to
prove that for each n ≥ 0, the induced diagram
X
alg,(n)
V X
alg,(n)
U
V alg Ualg
,
is a pullback square in dAffk. By a standard argument of Noetherian approximation, we might assume that
U ′ := Ualg and V ′ := V alg are both affine derived schemes almost of finite presentation. We observe that for
each n ≥ 0, the morphisms
gn : X(n)V ′ → X(n)U ′ ,
are left-lax A1k-equivariant. For this reason, they induce morphisms
gIndCohn,∗ (TX(n)
V ′ /V
′))→ TX(n)
U′ /U
′ ,
in the ∞-category IndCoh(X(n)V ′ )fil. In particular, we have an induced morphism at the n-th piece of the
filtration
gIndCohn,∗
(
Symn+1(T
X
(n)
U′ /U
′ [−1])[1]
)→ Symn+1 (T
X
(n)
V ′ /V
′ [−1]
)
[1],
(c.f. [GR17b, Theorem 9.5.1.3]). The result is now a direct consequence of Proposition 3.4 (3) combined with
[PY17, Proposition 5.12] and [Lur18, Proposition 2.5.4.5]. 
Construction 3.41. Let f : X → Y be a locally geometric derived k-analytic stack. Denote by (Y ∧X )afd the
∞-category of morphisms in dAnStk
U → Y ∧X ,
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where U is derived k-affinoid. Consider the relative analytification functor
lim
U∈(Y ∧
X
)afd
(−)anU : lim
U∈(Y ∧
X
)afd
(dStk)/Ualg×A1
k
→ lim
U∈(Y ∧
X
)afd
(dAnStk)/U×A1
k
' (dAnStk)/Y ∧
X
×A1
k
.
Thanks to Lemma 3.40, for each n ≥ 0, the algebraic Hodge filtration defines a well defined object in the limit
{Xalg,(n)U }U∈(Y ∧X )afd ∈ limn≥0(dStk)/Ualg .
Therefore, after taking its relative analytification we produce well defined objects
X(n) ∈ (dAnStk)Y ∧
X
×A1
k
,
which we shall refer to as the Hodge filtration associated to the morphism f . Moreover, it follows essentially by
construction that the latter restricts to the usual Hodge filtration, for each
g : U → Y ∧X ,
in (Y ∧X )afd. Moreover, by construction we have a natural morphism
colim
n≥0
X(n) → DanX/Y ,
which is an equivalence in the ∞-category dAnStk.
We can thus summarize the previous results in the form of a main theorem:
Theorem 3.42. Let f : X → Y be a morphism of locally geometric derived k-analytic stacks. Then the
following assertions hold:
(1) There exists a deformation to the normal bundle DanX/Y ∈ (dAnStk)A1k such that its fiber at {0} ⊆ A1k
coincides with the shifted k-analytic tangent bundle
TanX/Y [1]∧,
completed at the zero section s0 : X → TanX/Y [1]. Moreover, its fiber at λ 6= 0 coincides with the formal
completion Y ∧X of Y at X along f ;
(2) The object DanX/Y admits a left-lax equivariant action of the (multiplicative) monoid-object A1k in
dAnStk;
(3) There exists a sequence of left-lax A1k-equivariant morphisms admitting a deformation theory
X ×A1k = X(0) ↪→ X(1) ↪→ · · · ↪→ X(n) ↪→ · · · → Y ×A1k.
Assume further that f : X → Y is a closed immersion of derived k-analytic spaces then, for each n ≥ 0,
the relative k-analytic cotangent complex
LanX(n)/Y ∈ Coh+(X(n)),
is equipped with a (decreasing) filtration such that its n-th piece identifies canonically with Symn+1(LanX/Y [−1])[1].
Moreover, for each n ≥ 0, the morphisms X(n) → X(n+1) are square-zero extensions obtained via a
canonical composite
LanX(n) → LanX(n)/Y → Symn+1(LanX/Y [−1])[1],
in Coh+(X(n));
(4) We have a natural morphism
colim
n≥0
X(n) → DanX/Y ,
which is furthermore an equivalence in the ∞-category dAnStk;
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(5) Assume that f : X → Y is a locally complete intersection morphism of derived k-affinoid spaces with
A := Γ(X,OalgX ) and B := Γ(Y,O
alg
Y ). Then the corresponding filtration on (derived) global sections of
the formal completion Y ∧X (via points (1) and (3)) identifies canonically with the I-adic filtration on B,
where I := fib(B → A).
Proof. Claim (1) follows immediately from Lemma 3.25. Assertion (2) follows immediately from Proposition 3.24,
as in the algebraic case, the deformation DXalg/Y admits a natural left-lax A1k-equivariant action. The statement
in point (4) is essentially the content of Corollary 3.37 and point (3) follows from the construction of the Hodge
filtration in the non-archimedean setting combined with Noetherian approximation (for the relative cotangent
complex) and Proposition 3.4 (3). Finally, claim (4) follows readily from Proposition 3.8 and the fact that both
the Hodge filtration and the I-adic filtrations are compatible via relative analytification. 
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